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Abstract

High dimensional structured data enriched model describes groups of observations
by shared and per-group individual parameters, each with its own structure such
as sparsity or group sparsity. In this paper, we consider the general form of data
enrichment where data comes in a fixed but arbitrary number of groups G. Any
convex function, e.g., norms, can characterize the structure of both shared and
individual parameters. We propose an estimator for high dimensional data enriched
model and provide conditions under which it consistently estimates both shared and
individual parameters. We also delineate sample complexity of the estimator and
present high probability non-asymptotic bound on estimation error of all parameters.
Interestingly the sample complexity of our estimator translates to conditions on
both per-group sample sizes and the total number of samples. We propose an
iterative estimation algorithm with linear convergence rate and supplement our
theoretical analysis with synthetic and real experimental results. Particularly, we
show the predictive power of data enriched model along with its interpretable
results in anticancer drug sensitivity analysis.

1 Introduction

Consider the problem of modeling involving more than one cohort/group in the population which are
similar in many ways but have certain unique aspects. Scoping the exposition to linear models, one
can assume that for each group, the data comes from a different linear model with distinct parameter
By, i-e., ygi = xgi B, + wgi, where g and 7 index the group and samples of each group respectively.
Such an approach fails to acknowledge the fact the groups are similar in many ways, and will need
suitably large sample size for each group for effective modeling. Altarnatively, one can ignore the
group information and build a global model using the simple linear model y; = x7 3* + w;. While
such a model will have the advantage of using a large dataset to build the model, the model will be
inaccurate for the groups since it is not modeling their unique aspects.

In this work, we consider the data enrichment model recently suggested in the literature [6l [7] |13 [14]]
for such settings. In particular, a data enriched model assumes that there is a common parameter 3;
shared between all groups which captures the similarity between groups and individual per-group
parameters 3, that captures the unique aspects of the groups:

v = X85+ 8;) +wei g€ {1, G} o

In (1), we have G linear regression models that share the parameter 3, which captures the shared
characteristics of the different groups. We specifically focus on structured high dimensional data
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enriched linear models (I)) when the number of samples for each group is much smaller than the
ambient dimensionality, i.e., Vg : ny < p and the parameters 3, are structured, i.e., for suitable
convex functions fys, f4(B,) are small. For example, when the structure is sparsity the corresponding
function is /;-norm.

Note that each of the linear models of is a superposition [8] or dirty statistical model [20].
Therefore, data enriched models are effectively coupled superposition models. A related model is
proposed by [9] in the context of multi-task learning, where for each task g the output is coming from
Ygi = xg;(ﬁ{jg + B;) + wgi. As emphasized by the subscript of 35, the common parameters are
different in every task but they share a same support (index of non-zero values), i.e., supp(3g;) =
supp(35;)-

data enriched model where 3,s are sparse, has recently gained attention because of its application in
wide range of domains such as personalized medicine [6], sentiment analysis, banking strategy [7]],
single cell data analysis [14]], road safety [13]], and disease subtype analysis [6]. More generally, in
any high dimensional domain where the population consists of groups, data enrichment framework
has the potential to boost both parameter estimation and prediction.

In spite of the recent surge in applying data enrichment framework to different domains, limited
advances have been made in understanding statistical and computational properties of suitable
estimators for the data enriched model. In fact, non-asymptotic statistical properties, including
sample complexity and statistical rates of convergence, of regularized estimators for the data enriched
model is still an open question [[7,[13]]. To the best of our knowledge, the only theoretical guarantee for
data enrichment is provided in [[14] where authors prove sparsistency of their proposed method under
the stringent irrepresentability condition of the design matrix. Also beyond sparsity and [ -norm, no
other structure has been investigated for these models. Further, no computational results, such as
computational rates of convergence of iterative algorithms for the estimators, exist in the literature.

Notation and Preliminaries: We denote sets with curly V, matrices by bold capital V, random
variables by capital V, and vectors by small bold v letters. We take [G] = {0,...,G} and [G]\ =

[G] — {0}. Given G group and n, samples in each one as {{xXi, ygi };21 }5-;, we can form the per
group design matrix X, € R"s*? and output vector y, € R™s. The total number of samples is
n= 25:1 ng. The data enriched model takes the following vector form:

Xy(Bo +By) +wy, Vg €G]y 2)
where each row of X, is x; and w] = (wg1, ..., wyn, ) is the noise vector.

A random variable V is sub-Gaussian if the moments satisfies Vp > 1 : (E|V|P)}/? < K,,/p The
minimum value of K is called sub-Gaussian norm of V, denoted by [V, [19]. A random vector

v € RP? is sub-Gaussian if the one-dimensional marginals (v, u) are sub-Gaussian random variables
for all u € RP. The sub-Gaussian norm of v is defined [19] as || v|[,,, = supyese—1 [[(v, u}]l,,- For

any set V € RP the Gaussian width of the set V is defined as w(V) = Eg [sup, ¢y (g, u)] [4], where
the expectation is over g ~ N (0,1, ), a vector of independent zero-mean unit-variance Gaussian.

Contributions: We propose the following estimator ,é for recovering the structured common and
individual parameters where the structure is induced by a convex functions f,(-).

/é = (ﬁ&,ﬁg) € grgm[;n *Z lyg — Xq(Bo +/39)||275t Vg € [G]: f4(By) < fg(ﬂ;)~

We present several new statistical and computational results for the data enriched model:

e The data enrichment estimator (3)) succeeds if a geometric condition that we call Data Enrichment
Incoherence Condition (DEIC) is satisfied. Compared to other known geometric conditions in
the literature such as structural coherence [8]] and stable recovery conditions [[10], DEIC is a
considerably weaker condition.

e Assuming DEIC holds, we establish a high probability non-asymptotic bound on the weighted
sum of component-wise estimation error, 6, = ,ég — B as:

G -1

n max w(Cy NSP™H) + y/log(G + 1
3 /ZQIIJQIIQSCW gela)w(Cy \/ﬁ) ( )7 3)
g9=0




where ng is number of samples per group, n = mng is the total number of samples, v =
maxge(q) - 18 the balance condition number, and C is the error cone corresponding to 3
“ 9

exactly defined in Section[2.1] To the best of our knowledge, this is the first statistical estimation
guarantee for data enriched models.

e We also establish that the required sample complexity for the estimation of parameters for all
groups as ny = O(w(Cy N'SP~1))? and for the common parameter as n = O(w(Co N SP~1))2. In
other words, enough rofal number of samples n is good enough to recover the common parameter
Bo, illustrating the fact that the common parameter estimation benefits from the shared data.

e We present an efficient Projected Block Gradient Descent (PBGD) algorithm for the estimation
problem which converges geometrically to the statistical error bound of (3). To the best of our
knowledge, this is the first rigorous computational result for data enrichment models.

e Finally, we apply the data enrichment estimator of (3)) to find biological predictor of drug sensitivity
of cancer cell lines. Individual components detected by PBGD provides us an interpretable model
which detects important drug sensitivity predictors in each cancer.

The rest of this paper is organized as follows: First, we characterize the error set of our estimator
and provide a deterministic error bound in Section 2] Then in Section 3] we discuss the restricted
eigenvalue condition and calculate the per-group and total sample complexity required for the recovery
of the true parameters by our estimator under DEIC condition. We close the statistical analysis in
Section ] by providing high probability error bounds. We delineate our linearly convergent algorithm,
PBGD in Section [5] and finally supplement our work with synthetic and real data experiments in
Sections[6land [71

2 The Data Enrichment Estimator

We write a compact equivalent of our proposed estimator estimator (3) as:

. 1 .
Be arg;nlngﬂy —XBll3, Vg€ [G]: f4(By) < f4(By), )
wherey = (y7,...yE) T e R B = (Bo”,...,Bc")T € RGP and
X; X3 0 -0
X 0 X3 - 0
X _ .2 . ' 2 . c RnX(GJrl)p . (5)
R

2.1 Error Set and Deterministic Error Bound

With componentwise estimation error d, = ,@g — ;. since ,ég = B; + 0, is a feasible point of {@),
the error vector d, will belong to the following restricted error set:

&g =1{8g1f5(B; +84) < f4(B;)}, g €G]
We denote the cone of the error set as C, = Cone(&,) and the spherical cap corresponding to it as
A, £ C,NSP~L. Consider the set C = {§ = (6¢,...,65)T
play key roles in our analysis:

G G
"L {5 d Z%Hégnz - 1} . H2 {5 ec|y %Hagllz — 1} .
g=0 g=0

Starting from the optimality of 3 = 3* + & as + <y — XA3 < Llly = X3*||3, we have: 1{|X43 <
%2wTX6 where w = [w{,...,wk]? € R™ is the vector of all noises. Using this basic inequality,
we can establish the following determlnlst1c error bound.

Theorem 2.1. For the proposed estimator @), assume there exist 0 < k < Hlfuey |Xul|3. Then,
for~ = maxgE[G]\ —v, the following deterministic upper bounds holds:
g

g5 2y Supyeqy wo Xu
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3 Restricted Eigenvalue Condition

The main assumptions of Theorem [2.1]is known as Restricted Eigenvalue (RE) condition in the
literature of high dimensional statistics [[1, 12, [T6]: infuyes +[|Xul[3 > £ > 0. The RE condition
posits that the minimum eigenvalues of the matrix XX in directions restricted to H is strictly
positive. In this section, we show that for the design matrix X defined in (3)), the RE condition holds
with high probability under a suitable geometric condition we call Data Enrichment Incoherence
Condition (DEIC) along with a precise characterization of group specific sample complexity. For the
analysis, similar to existing work [[18} [11} 8], we assume the design matrix to be sub—GaussianF_-]

Definition 3.1. We assume rows xg4; are i.i.d. random vectors from a non-degenerate zero-mean,
isotropic sub-Gaussian distribution. In other words, E[x] = 0, E[x”x]| = I,x,, and ||x|| by Sk As

a consequence, Io > 0 such that Vu € SP~! we have E|(x,u)| > a. Further, we assume noise wg;
are i.i.d. zero-mean, unit-variance sub-Gaussian with \ngi|||w2 < K.

Unlike standard high-dimensional statistical estimation, for RE condition to be true, data enriched
model (2) needs to satisfy a geometric condition under which trivial solutions such as §, = —d, for
all g € [G]\ are avoided. To get at this condition, first note that each of the linear models in (2} is
a superposition model [§] or dirty statistical model [20]. RE condition of individual superposition
models can be established under the so-called Structural Coherence (SC) condition [8 [10]. However,
SC conditions on each individual problem fails to utilize the true coupling structure in the data
enriched model, where 3y is involved in all models. In fact, as we show shortly, using SC on each
individual models leads to radically pessimistic estimates of the sample complexity.

In this work, we introduce DEIC, a considerably weaker geometric condition compared to SC of
(8, 10]. In particular, SC requires that none of the individual error cones C, intersect with the inverted
error cone —Cy. Instead of this stringent geometric condition, we allow —C to intersect with an
arbitrarily large fraction of the C, cones. As the number of intersections increases, our bound becomes
looser. The rigorous definition of DEIC is provided below.

Definition 3.2 (Data Enrichment Incoherence Condition (DEIC)). There exists a set T C [G]\ of
groups where for some scalars 0 < p < 1 and Apin > 0 the following holds:

1S iermi > o],
2. Vield, VJL € C;, and 50 € Co: ||51 + (50”2 > /\min(H50H2 + H(SZ”Q)
Observe that 0 < A\pin, p < 1 by definition.

In contrast, the existing SC condition [8] [10] applied to each problem requires for 6o € Cy and
each §, € C, there exist A > 0 such that: ||dp + d,4]l2 > A (||do|l2 + ||d4]|2). Clearly DEIC
and SC conditions are satisfied if the error cones C, and Cy does not have a ray in common, i.e.,
sup(do/||00ll2,04/1|04]l2) < 1 [18L[8]. However, DEIC condition also allows for a large fraction of
cones to intersect with Cy. Now, we are ready to show that the state-of-the-art estimator of [§]] will
lead to a considerably pessimistic sample complexity.

Proposition 3.3. Assume observations distributed as defined in Definition and pair-wise SC
conditions are satisfied. Consider each superposition model (2)) in isolation; to recover the common
parameter (3 requires at least one group to have n, = O(w?(Ap)). Recovering the individual
parameter (3; needs at least ng = O((maxye(qw(Ag) + /10g2)?) samples in the group.

In other words, by separate analysis of superposition estimators neither the estimation of the common
parameter 3y nor the individual parameters 3, benefit from pooling the n samples. But given the
nature of coupling in the data enriched model, we hope to be able to get a better sample complexity
specifically for the common parameter 3. Using DEIC and the small ball method [[11]], a recent tool
from empirical process theory, we get a better sample complexity for satisfying the RE condition.

Theorem 3.4. Let x4;5 be random vectors defined in Definition Assume DEIC condition of
Definition holds for Cys and 17 = Aminp/3. Then, for all § € H, when we have enough

number of samples as Vg € [G]\ : ng > my = O(kSa=%¢32w(Ay)?), with probability at least

"Extension to an-isotropic sub-Gaussian case is straightforward by techniques developed in [} [17].
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where Kpin = minge(g], CYr%= N and Kk = .

4 General Error Bound

In this section, we provide a high probability upper bound for the estimation error of the common
and individual components under general convex function f(-). From now on, to avoid cluttering the
notation assume w = wy: We massage the upper bound of Theorem [2.1] as follows:

G G

n w 1) n
W'XE = > (XTwg,8g) = (/28 ll2(X] =, =)y [ —llwg 2
- —Vn lwgll2 ™ Idgll2" ng
g=0 g=0
[ . .
Assume b, = (Xgujﬁ, 160/ molwgllz and ag = 22|84 ||2. Then the above term is the inner
product of two vectors a = (ag, ..., aqg) and b = (b, . .., bg) for which we have:

supa’b= sup a’b < |b|le = maxb,,
acH llalli=1 g€lG]

where the inequality holds because of the definition of the dual norm. Following lemma upper bounds
by with high probability.

Lemma 4.1. For xg4 and wg; defined in Definition with probability at least 1 —
ﬁ exp (— min [ygng —log(G+1), n;—;D we have:

n w
— lwgll2 sup (Xg =5, uy)
Ng J ugeA, g ||(“J£7H27 7

2K? + D)n ((gkw(Ag) +eg\/log(G+ 1) + T) ,
where 04,14,y and €4 are group dependent constants and T > 0.

Using Lemma[4.T|below theorem establishes a high probability upper bound for the deterministic
bound of Theorem ie., 2wTXu.

Theorem 4.2. Assume Xg4; to be a sub-Gaussian random variable with E[x;xgi] = I,x, and
lI%gilll,, < k and w consists of i.i.d. centered unit-variance sub-Gaussian elements with ||wg;|l,,, <

K, with probability at least 1 — o exp (f minge(q) [Vgng —log(G + 1), ng%D we have:
g

2
2 rxs < fBEEHA
n

o ma (Gohw(Ag) + e log(G 1) +7)

where 0 = maxyc(q) 0g and T > 0.

The following corollary characterizes the general error bound and results from the direct combination
of Theorem [2.1] Theorem [3.4] and Theorem (4.2}

Corollary 4.3. For xg4; and wy; described in Theorem and Theorem when we have Vg € [G] :
ng > mg which lead to k > 0, the following general error bound holds with high probability for
estimator ({@):

G
1 1
Z %H‘sgh SCkamane[G]w(-Ag)+6 og(G+1)+7 o

2
g=0 Kmin\/ﬁ
where C = 8vV2K? + 1, ( = max,e(q) (g, € = MaXge[q) €g, 7 = MaXye (), 1/Ng and 7 > 0.
5 Estimation Algorithm
We propose the following Projected Block Gradient Descent algorithm (PBGD), Algorithm [I| where

Mg, is the Euclidean projection onto the set Qy, (dg) = {f4(8) < dy} where dy = fy(B;) and is
dropped to avoid clutter. In practice, d, can be determined by cross-validation.



Algorithm 1 PBGD: PROJECTED BLOCK GRADIENT DESCENT

1: input: X, y, learning rates (o, . . . , ji), initialization 3() = 0
2: output: G

3: fort=1to Tdo

4:  for g=1to Gdo

s A <o, (04X (v - X, (3 + 1))

6: end for .
x,8"

7 (()Hl) =1l (()t) +poXq |y — Xoﬁ(()t) - :
Xeﬁg)

8: end for

5.1 Convergence Rate Analysis

Here, we want to upper bound the error of each iteration of the PBGD algorithm. Let’s §(*) =
,8(” — 3% be the error of iteration ¢ of PBGD, i.e., the distance from the true parameter (not the
optimization minimum, 3). We show that ||6(*)||, decreases exponentially fast in ¢ to the statistical
error ||8]]2 = ||B — B*||2. We first start with the required definitions for our analysis.

Definition 5.1. We define the following positive constants for pig > 0:
Wy

Vg€ [G] : pglpy) = sup v’ (I, — ,ngng)u, Ng(tg) = ftg SUpP VTX?;
u,veB, veB, H"“’QHQ
Vg e [Gl\ : ¢g(pg) =py sup —vTX;Xgu,
VGBg,UEBo

where By = C, N BP is the intersection of the error cone and the unit ball and wy := w.

In the following theorem, we establish a deterministic bound on iteration errors which depends on
constants defined in Definition [5.11

Theorem 5.2. For the PBGD algorithminitialized by B1) = 0, we have the following deterministic
bound for the error at iteration t 4+ 1:
G

G e
Mg || s(t+1) t Ng 11 3% L—p g
D\l < p Z%\/nuﬁgllﬁ 1_pZ(j) g [wg |2, ()
9= 9=

g=0
G n n p
where p = max (po D gm1 \/ by, maXe(q [pg + &x(ﬁg})'

The RHS of (7)) consists of two terms. If we keep p < 1, the first term approaches zero exponentially
fast, i.e., with linear rate, and the second term determines the bound. In the following we show
that for specific choices of step sizes ji48, the second term can be upper bounded using the analysis
of Section @l More specifically, the first term corresponds to the optimization error which shrinks
in every iteration while the second term is constant times the upper bound of the statistical error
characterized in Corollary .3] Therefore, if we can keep p below one, the estimation error of PBGD
algorithm geometrically converges to the approximate statistical error bound.

One way for having p < 1 is to keep all arguments of max(- - - ) determining p strictly below 1. To
this end, we first establish high probability upper bound for p,, 14, and 1, (in the Appendix) and
then show that with enough number of samples and proper step sizes fi4, p can be kept strictly below
one with high probability. In Section[6} we empirically illustrate such geometric convergence. The
high probability bounds for constants in Definition[5.1]and the deterministic bound of Theorem|[5.2]
leads to the following theorem which shows for enough number of samples, of the same order as the
statistical sample complexity, we can keep p below one and have geometric convergence.

Theorem 5.3. Let 7 = C\/log(G + 1) + b for b > 0 and wog = w(Ao) +w(Ay). For the per group

step sizes of:
-1
Wog + 7')

1
— (1
2, /Mg ( +cog VTg

1 wog + T -2
=— X min |(14c¢ g , and =
Ho= 1 FEEN ( 097 /Tig ) He



and sample complexities of:
n> 2 (2w(Ao) +7)°, and Vg€ [G]\ :ng > 263(2&)(./49) +7)?
updates of the Algorithm[I| obey the following with high probability:

G G
Ng |1 s(t+1) () Ng || g+ (G+1)/(2K? +1)
3\ Sl <y 3o+ S s (

where (1) < 1.

k
Ck max w(Ag) + T) ;

Corollary 5.4. When t — oo we have the following with high probability:

G
>t < S AT (et + VG 1) @
g=0

It is instructive to compare RHS of (§)) with that of (6): £min defined in Theorem [3.4] corresponds
to (1 — (7)) and the extra G + 1 factor corresponds to v = max,¢(q] 7?—9 Therefore, Corollary

shows that PBGD converges to a scaled variant of statical error bound determined in Corollary {4.3|

6 Synthetic Experiments

We considered sparsity based simulations with varying G and sparsity levels. In our first set of
simulations, we set p = 100, G = 10 and sparsity of the private parameteres to be s = 10. We
generated a dense 3y with ||3y|| = p and did not impose any constraint. Iterates {ﬁggt)}ff:l are
obtained by projection onto the ¢; ball ||3,||1. Nonzero entries of 3, are generated with A/ (0, 1) and
nonzero supports are picked uniformly at random. Inspired from our theoretical step size choices, in
all experiments, we used simplified learning rates of % for By and \/%Tg for B4, g > 1. Observe that,
cones of the individual parameters intersect with that of 3y hence this setup actually violates DEIC
(which requires an arbitrarily small constant fraction of groups to be non-intersecting). Our intuition
is that the individual parameters are mostly incoherent with each other and the existence of a nonzero
perturbation over 3,’s that keeps all measurements intact is unlikely. Remarkably, experimental
results still show successful learning of all parameters from small amount of samples. We picked
ng = 60 for each group. Hence, in total, we have 11p = 1100 unknowns, 200 = G x 10 + 100
degrees of freedom and G x 60 = 600 samples. In all figures, we study the normalized squared error

®_g.|12
W and average 10 independent realization for each curve. Figureshows the estimation
gll2

performance as a function of iteration number ¢t. While each group might behave slightly different,
we do observe that all parameters are linear converging to ground truth.

In Figure we test the noise robustness of our algorithm. We add a (0, 1) noise to the n; = 60
measurements of the first group only. The other groups are left untouched. While all parameters
suffer nonzero estimation error, we observe that, the global parameter 3y and noise-free groups
{By 522 have substantially less estimation error. This implies that noise in one group mostly affects
itself rather than the global estimation. In Figure[Ic| we increased the sample size to n, = 150 per
group. We observe that, in comparison to Figure|la] rate of convergence receives a boost from the

additional samples as predicted by our theory.

Finally, Figure[Id| considers a very high-dimensional problem where p = 1000, G = 100, individual
parameters are 10 sparse, 3o is 100 sparse and n, = 150. The total degrees of freedom is 1100,
number of unknowns are 101000 and total number of datapoints are 150 x 100 = 15000. While
individual parameters have substantial variation in terms of convergence rate, at the end of 1000
iteration, all parameters have relative reconstruction error below 109,

7 Drug Sensitivity Analysis for Cancer Cell Lines

In this section we investigate the application of DS in analyzing the response of patients with cancer
to different doses of various drugs. Each cancer type (lung, blood, etc.) is a group g in our DS model
and the respond of patient ¢ with cancer g to the drug is our output y4;. The set of features for each
patient X¢; consists of gene expressions, copy number variation, and mutations and y; is the “activity
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Figure 1: a) Noiseless fast convergence. b) Noise on the first group does not impact other groups as
much. c¢) Increasing sample size improves rate of convergence. d) Our algorithm convergences fast
even with a large number of groups G = 100.
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Figure 2: a) A sample fitted dose-response curve where Activity Area y,; is shaded. b) Comparison
of Mean Square Error of elastic net and data enrichment in predicting the response to 24 drugs for
lung and blood cancer cell lines. Each dot represents an experiment for a drug. Prediction accuracy
of both algorithms are very close. ¢) Distribution of responses to Saracatinib.

area” above the dose-response curve, Figure @ Given x4, and a drug, we have two goals: accurately
predict a patient’s response to the drug and identifying genetic predictors of drug sensitivity.

We use Cancer Cell Line Encyclopedia (CCLE) [2] which is a compilation ~500 human cancer cell
lines where responses of them to 24 anticancer drugs have been measured.From the 36 cancer type
available in CCLE, we focus on lung and blood.Not all of the 500 lines have been treated with all
of the drugs. Therefore we end up with a different number of samples n for each drug where the
range is n € [150, 200]. Also, we perform a standard preprocessing [2]] where we remove features
with less than .1 absolute correlation with the response of interest which reduce the dimension to
p € [1500, 5000] range.

Prediction: Here we run, 24 different experiments, each for one drug. Since the values of d; in
constraint sets {2, (d,) are unknown, we tune them by 10-fold cross-validation and report the mean
squared error (MSE) of the Elastic Net [21] (method used in the original CCLE paper[2]) and the
data enrichment in Figure 2b] Both methods have very close prediction performance.

Interpretation We select Saracatinib, a drug that works on both lung and blood cancers, Figure
Fixing the d, parameters, we select the genes which have non-zero coefficient 40 times across 50
runs of PBGD on bootstrapped samples. Now, we have three lists of genes based on the supports
of shared , lung , and blood parameters. We perform gene enrichment analysis using ToppGene
[5] to see where in functional/disease/drug databases these genes have been observed together with
statistical significance. Table[I]summarizes a highlight of our findings which shows lung and blood
parameters are correctly capturing a meaningful set of genes.

(Blood, 512) (Lung, 500)
Highlights p-Val Highlights p-Val
Regulation of immune response | 2.1E-8 | Secondary malignant neoplasm of Lung | 8.9E-6
T cell activation 5.0E-8 Lung cancer 2.9E-5
Leukocyte activation 1.0E-6 Adenosquamous cell lung cancer 3.9E-5

Table 1: Each column is (Cancer Type, Number of significant genes) and highlights show where the
set of genes have been observed together. p-Values are computed by Fisher’s exact test [S].
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A Proofs

A.1 Proof of Theorem 2.1

Proof. Starting from the optimality inequality, for the lower bound with the set H we get:

a 2
1 9 1. 9 Ng
X33 > < inf Xul3 (;Onnagnz) ©
Q. 2
> f:(Z;négb)
g=0
>

i (min "2 ) (Z ”gnsgz)

where 0 < K < %infue;.[ | Xul|3 is known as Restricted Eigenvalue (RE) condition. The upper
bound will factorize as:

G
2 2
ZWwIXs < Zsupw’Xu (Z "959||2> , uUeH (10)
n N wen — \ n
g=0
Putting together inequalities (9) and (I0) completes the proof. [ |

A.2  Proof of Proposition [3.3]

Proof. Consider only one group for regression in isolation. Note that y, = Xg(,Bg +85) twyisa
superposition model and as shown in [8] the sample complexity required for the RE condition and
subsequently recovering 35 and B is ng > ¢(max e (g w(Ay) + +/1og 2)?. ]

A.3 Proof of Theorem 3.4

Let’s simplify the LHS of the RE condition:

L xal, = 1ii|<x 8o+ 8,2
Jn n gis g

g=11i=1
A
2 EZZKXW%WL%H
g=11i=1
1< o
> LS o+ 8ylle D1 (g, do+ 8] > €1 + 8y l),

g=1 i=1

where the first inequality is due to Lyapunov’s inequality. To avoid cluttering we denote 8oy = 0o+,
where dy € Cp and 6, € C,. Now we add and subtract the corresponding per-group marginal tail
function, Q¢, (dog) = P(|(x,, dog)| > &g) where & > 0. Let §; = ||doy][|2€ then the LHS of the RE
condition reduces to:

v

G
. 1 ) n
jol, XAl =t 3 2,0, () an

- SUP ngz Q2£g 609) (|<X9i760g>| Zgg)]
=1

= #H(X) - tQ(X)

For the ease of exposition we have written the LHS of as the difference of two terms, i.e.,
t1(X) — t2(X) and in the followings we lower bound the first term ¢; and upper bound the second
term to.
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A.3.1 Lower Bounding the First Term

Our main result is the following lemma which uses the DEIC condition of the Definition [3.2] and
provides a lower bound for the first term ¢; (X):

Lemma A.1. Suppose DEIC holds. Let )1 = ‘“”‘p . For any 8 € H, we have:
S (o — 26)?
06, Qae, (800) 2 a5 <|50 2 +Z "), ||2> , (12

g=1

which implies that t1 (X) = infscy Zg 1 288y Qae, (00y) satisfies the same RHS bound of (12).

Proof. LHS of is the weighted summation of £,Q2¢, (dog) = [|00gl[2EP(|(X, , dog/[|0gll2)| >

26) = ||60g|26Q2¢(u) where £ > 0 and u = d¢4/||d0g4]|2 is a unit length vector. So we can rewrite
the LHS of (12) as
“n “n
D 6,Qae, (B0g) = 3 2180 + 8, 6Qae (w)
g=1 g=1

With this observation, the lower bound of the Lemma|[A.T]is a direct consequence of the following
two results:

Lemma A.2. Let u be any unit length vector and suppose x obeys Definiton Then for any u, we
have

(a —2¢)
> > 1
Q2¢(u) > 1ok (13)
Lemma A.3. Suppose Definition[3.2|holds. Then, we have:
G
anH‘sO +3;ll2 > Amin <Gn||60||2 + anHé ||2> Vi € [G]: §; € C,. (14)
i=1
|

A.3.2 Upper Bounding the Second Term

Let’s focus on the second term, i.e., t2(X). First we want to show that the second term satisfies the
bounded difference property defined in Section 3.2. of [3]]. In other words, by changing each of x;
the value of ¢5(X) at most change by one. First, we rewrite ¢ as follows:

h(X11, -y Xjky -3 XGne) = t2 (X115 -+ s Xjks - -, XGng ) = ;upg(xll,...,Xjk,...,XGnG)
cEH

G g ng
where ¢ (Xi1,. .., Xjk, .- XGng) = Zgzl % > [Q259(5Og) - 1(|<Xgi7509>| > fg)]- To
avoid cluttering let’s X = {x1,... yXjks -+ XGng }. We want to show that ¢ has the bounded
difference property, meaning:

sup |h (X11, -y Xjky - ooy XGng) — h(X117~-~,X;-k,---7XGnG) | <¢
X7xjk

11



for some constant ¢;. Note that for bounded functions f,g : X — R, we have |supy f —supy g| <
supy | f — g|. Therefore:

sup |h (X115 -+, Xk - -+ XGne) —h(xll,...,x;k,...7xGnG)|
Xx.

IN

/
sup sup |g X117"'7Xjk27"'7XG7LG) _g(Xllv"'7xjk;7"'7xGng) ‘
X ,x" k&EH

€.
sup sup sup == (L(|(xy, 8o;)| > &) — L(|(x;, 8oj)| > &5))
X,x;.,c JEijk,x;k n

IN

sup sup 2
.)c',x’”C SeH 1

= é sup ||50 + 5gH2
nseH

IN

13
= = sup [|6oll2 + [|dg]]2
N scH

1 1
f(nw)
2¢

n

(6 €H)
<

Note that for § € H we have ||do|2 + 22 |d, |2 < 1 which results in [|§g[lz < 1 and [|d4]|2 < e
Now, we can invoke the bounded dlfference inequality [3, Theorem 6.2] which says that with
probability at least 1 — e~™"/2 we have: t2(X) < Eto(X) + ﬁ

Having this concentration bound, it is enough to bound the expectation of the second term. Following
lemma provides us with the bound on the expectation.

Lemma A.4. For the random vector x of Definition we have the following bound:

G
fEsupZ)qu Que, (B0g) — 1(|(xgi-Bog)| > £)] < = Z\fcgkw (A
=1 g=0

A.3.3 Continuing the Proof of Theorem 3.4]
Set ny = n. Putting back bounds of ¢1(X) and ¢2(X) together from Lemma and with
probability at least 1 — e~ we have:

G

n (« n
it =IX]> > gz:jjwzsuaguzw IZ\/*"%’W Nl = 7=

(4= o2 > el aa - 253" o -
1= g2 N n 0l \/ﬁ(]:o n o vn

9=0

V

i EG:TLQH(SQ”Q('[/)IEQ - QCkM) T
=0 N
ey A Eny
(kg = 1&g N ) = ;:; o
G n _
. ng T
Z Hm]n;) n ||69H2 \/ﬁ
(6 € H) =  Kmin — #
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where Kmin = argmingg (g kg. Note that all £4s should be bounded away from zero. To this end we
need the follow sample complexities:

2ck
Yzéq

Taking §{ = & we can simplify the sample complexities to the followings:

Vg € [G]: ( )Qw(Ag)2 < g (15)

Ck® \°
Vg € [G] : (1/11013) w(AG)? < ny (16)
Finally, to conclude, we take 7 = v/NKmin/2. [ ]
A.4 Proof of Lemma[4.1]
Proof. To avoid cluttering let hy(wy, X,) = \/%ngﬂg SupugeAg(Xg‘l:’ﬁ,ug), ey =

(ghw(Ag) + €9v10g G + 7, where sy = /7/(2K2 + 1)ny,.

n n
P(hg(wg, Xg) > egsg) = P (hg(wgvxg) > egsg‘\/n*||‘-"g||2 > 3g> P (Un‘*’gb > 59) a7
g g

n n
b P (oo X,) > ey [Tl <5 ) ([l <)
Ng Ng
n n
< P —lwgllz > s | + P ( hg(wy, Xy) > eg54]4 [ —llwgllz < 54
Ng Ng
< P <||wq||2 >4/(2K? + 1)ng) +P sup <Xz; e ,Ug) > ey
u,eCyNSrP—1 llewgll2
<

vesp—1 uyeC,NSP—1L

P (||wg||2 >4 /(2K2 + 1)ng) + sup P ( sup  (X]v,uy) > eg>

Let’s focus on the first term. Since w, consists of i.i.d. centered unit-variance sub-Gaussian elements
with [[wglll,,, < K, wj; is sub-exponential with [[wg[|,, < 2K?. Let’s apply the Bernstein’s

inequality to [lwgl|3 = Y272, w?;:

. T2 T
P (|||wg||§ — EngH§| > T) < 2exp (—z/g min {4[(4719’ 2[@])

We also know that E||w,||3 < n, [1] which gives us:

. 72 T
P(ng||2 > \/ng —|—7') < 2exp <—1/g min [4K4ng’ 2K2})
Finally, we set 7 = 2K ?n:

2
P <wg|2 >4 /(2K2 + 1)ng> < 2exp(—ygng) = mexp (—vgng +1og(G+1))

Now we upper bound the second term of (I7). Given any fixed v € SP~!, X v is a sub-Gaussian
random vector with H‘ngmwz < Cy4k [1]l. From Theorem 9 of [T]] for any v € SP~! we have:

2
t
P| sup (XTv,u,) >v,Ckw(A,) +t| <m,ex (>
(ugeag< g ) gCgkw(Ag) > g p( 0,Cokdg

13



where ¢g = sup, ¢ 4, [[ug]/2 and in our problem ¢, = 1. We now substitute t = 7+¢€4+/log(G + 1)
where e, = 0,C k.

log(G +1)

IP’( sup (X v,uy) > v,Cgkw(Ay) + €41/log(G + 1) +7-> < mgexp [ — <T+€g

ugeA, €g

IN

IN

Now we put back results to the original inequality (T7):

IED< (wg, X \/>\/m (UgC’kw g) + €g log(G+1)+7—))

o
< (G—i 0 exp ( min {Vgng log(G + 1), 0202]{}2})
o T2
< g — mi 1
S @y P ( i {Vgng log(G+ 1), 2k2D
where 04 = 7y + 2, (g = v4Cy, 1y = 0,C,. |

A.5 Proof of Theorem

Proof. From now on, to avoid cluttering the notation assume w = wy. We massage the equation as
follows:

G G
n w
w'Xs = Z<X;:;F‘*’gv dy) = Z —2 11812 Xg . ”""9”2
— —Vn lewgll2” H5 ||2
g=0 g=0
8y n - Ng . .
Assume b, = (X7 H:’q\l2 H5_qH2> /n—gngHg and ay = |/ ~2|d4]|2. Then the above term is the inner
product of two vectors a = (ag, ..., ac) and b = (by, . .., bg) for which we have:
supa’b = sup a’b
acH lalli=1
(definition of the dual norm) < ||bllc
= maxb
g€lq]

Now we can go back to the original form:

T T Yy
supw” X§ < max(X || Il2 (18)
s 9€lG] q||wg||2 ||5g\|2 Vg
w
< max ngHg sup <XT7g ug)

a1\ ng wpec,msr-1 ¢ flwgll2”
To avoid cluttering we name hy(wg,Xy) = [lwyll2supy, ca, (X;ﬁ,ug) and ey(1) =

L £ g

V2K? + 1)ng (v,Cgkw(Ag) + €44/10g G + 7). Then from (I8), we have:

2 2 n 2 n 2 n
P(= Xs > — < P(= —h X)) > = —
<n§22w n geicl \ ny (T )> - (n seic) \ ng o(wg: Xo) n geic) \ ng €olT )>
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To simplify the notation, we drop arguments of k4 for now. From the union bound we have:

G
h — — < Plh
(n ;rel?c}:( ng - n?elax \ ngeg ) - gz:;) ( ~ ;IGI?C}?{] eg(T))
G
< D P(hy > ey(r))
g=0
< (G+1 P(hy >
< (G 1) maxP(hy > eg(7))
2
< — mi log(G + 1
< oexp ( (]12[18] [Vgng og(G + 1), 2k‘2}>
where 0 = maxgc(g] 0. ]
A.6  Proof of Lemma[A.3]
o (t+1) (t+1)) -
Proof. We upper bound the individual error ||d4 ||z and the common one ||d; ' ||2 in the follow-
ings:
1682 = 185+ = By 2
= [, (X (- 087 4.0 ) -
(Lemma 6.3 of [15]) = Hﬂfg—{ﬁg} (ﬁgt) + ngT( ﬁ(t) +03 t))) 3 > )

= |1, (65” X (va = X (85 + BY) = X, (85 + B;) + X, (85 + ﬂ;)))

o e (o o 00 00))

2

2

(Lemma 6.4 of [13]) < |[Ilc, (55” + pg X7 (wg — X, (68 + 55”)))

2

(Lemma 6.2 of [I5]) <  sup vT(éé”+ng§(wg—xg(aé“+ag>)))

veC,NBP
(Bg=C,NBP) = s;lg v (5( )+ [ X} (wq X, (5(()t) + 6§t))>>
< sup v (I —ngTX )J(t) + Uy sup vIxXT g Wg T g SUDP VTXTX J(t)
vEBy, veB,
< ||6® sup v (I, — p, XITX,)u + w sup vI X7 b’
< 17l o v o Xy XoJut gl sup v X e

+ ug||6ét) 2 sup —vTnggu

veBg,ueby

P (0D |12 + €4 (1g) lwy |2 + 3 (1) 16”12

So the final bound becomes:

1859 < pglpg) 16D 1o + &4 (12g) |wyll2 + by (1) 118512 (19)
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Now we upper bound the error of common parameter. Remember common parameter’s update:
(v1 - xlwéf) +817)
By =T, | B + poXF

(yo — Xa(8 80 + BYY)

1 1 *
186 =185 = 85z
G
= Mo, (ﬂé”wozjxf (yg—Xg(ﬁé“wf,”))) -8
g=1 2
G
(Lemma 6.3 of [[3]) = Hgfo_{g3}<ﬁgt)+u02:x§<ygXg( 4 B ))55>
g=1 2
G
= ||Us, <5(()t) + Ho ZXgT (Yg — X, (8 + ﬁ(t)))
g=1 2
G
(Lemma 6.4 of [I3]) < ||Tle, (65“+MOZX§<wg—XQ(68t)+6£§t>)>) ’
= 2
(Lemma 62 of [I3]) < sup v (é(t)+MOZXT< X9(53t>+5g>))>
veEBy
G
< sup v? I—MOZXTX 5( + po sup VTZX Wy
veBy g=1 veBy g=1
+ o sup —VTZXTX 5
vEBy g=1
< 651> sup v (1 - poXE Xo)u+ po sup vIXE = wpl>
u,veBBy veBy ” ”
+ sup —vIXTX u, |6
(]ngeBo,ugeB g “rg“rg 9” g H2
<y (h1g)
< p0(0) 185”12 + €opo) lwollz + a0 3 =2 EE 167 2 (20)
g

g=1

To avoid cluttering we drop 44 as the arguments. Putting together and inequalities we reach
to the followings:

165015 < pgll6Plla + &llwgllz + 61155 1

1
1851 1

IN

G
¢
pO”(S(()t)HQ + §0||W0H2 + 1o Z /Tq”(sg(;t)HZ
g9

g=1

A.7 Proof of Theorem [3.2]

Proof. In the following lemma we establish a recursive relation between errors of consecutive
iterations which leads to a bound for the ¢th iteration.

16



Lemma A.5. We have the following recursive dependency between the error of t + 1th iteration and
tth iteration of PBGD:

186002 < () 185212 + & (1) llwylz + 69 (125) 168" )

G
¢
I8+, < <po<uo>||6é“||2+so<ﬂo>||wo||2+uozﬁ’m|6gt>||z>

g=1 "9

By recursively applying the result of Lemma we get the following deterministic bound which
depends on constants defined in Definition

IA

G
n
bit1 = Z ;gHtSétH)\h

g=0

IN

G G
In n
PZ WgHag(;t)”?'i‘Z Fg§9||“’9”2
g=0 g=0

where p = max (po + Zle \/ g, max e [pg + 7::;‘:;’({)9} > We have:

G
bt < oot D[22 gl
g=0
< What (DY ffgnwgnz
g=0
t—1 n
< ()bl"‘(Z )Z ;ggg|wg”2
i=0 g=0
¢ n
- <p>tz ;||ﬂ;—@;2+<2 )Z\f@anuz
= =0 g=0
B =0) < Z “2|a; o+ L Z =2 oyl

A.8 Proof of Theorem

Proof. First we need following two lemmas which are proved separately in the following sections.

Lemma A.6. Consider a, > 1, with probability at least 1—6 exp (—4(w(Ag) + 7)?) the following

upper bound holds:
1 1 1 2w(Ag) + 7
ilam) 23|05 et &
agng 2 ag Qg./Tyg
Lemma A.7. Consider ag > 1, with probability at least 1 — 4 exp (—74(w(Ag) + 7)?) the following
upper bound holds:
1 1 Ay) +w(Ag) + 2
¢g( ) (1+cog wlidy) + o) T) @3)
GgTg Qg Vg

Note that Lemma readily provides a high probability upper bound for 74(1/(agng)) as
(2K% +1) (Cng(Ag) + €gv/log G + 7') /(ag\/ng)-

17

el G
n n
<p0+2 ngdzq) Héét)llﬁz(\fpgwo )I5“)II2+§ 26|z
g=1 g=1
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Starting from the deterministic form of the bound in Theorem [5.2] and putting in the step sizes as
1

Mo = ey’
G
n
S sl < leﬂ o+ Z,/ (o el 2
9=0
where

PR = ng 1
plag, -+, ag) = max < <nao) z:: %4 <ngag) ;2?(}?(] & (ngag> i \/gug % (ngag)> =

Remember the following two results to upper bound pys and ¢4s from Lemmas [A-6|and

pg<aglng> < ;[(1—>+\f ;g\/)jﬂ, wp. 1 —6exp (—y(w(Ay) +7)?)
b, (aglng> < ;<1+cogw%T), wp. 1—4dexp (—7y(w(Ay) +7)2)

First we want to keep pg + Zle 2. ¢4 of (23) strictly below 1.
1 S In 1 1 1 2w+ 7
— 2 N — 2c0 =2
P <a0”>+gz_; n s (ag”g) 2 K a0>+\[0 agy/n

G
1 2 /n wog + T
+ *E —_— g<1+60g Y9 )
2921% n Nar

Remember that a, > 1 was arbitrary. So we pick it as a, = 2, /= (1 + Cog “’OJ+T) /by where

IN

by <2,/-- (1 + cog woﬁT) (because we need a, > 1) and the condition becomes:

1 . In 1 1 1 2w(Ag) +7]  1an
w () S5 () = 3 [(1-5) VRPN e s

We want to upper bound the RHS by 1/6; which will determine the sample complexity for the shared
component:

2w(Ag) + 7 3 < ng
\/5007\/5 < ag (1 gz:‘; Ly | +1 (26)

Note that any lower bound on the RHS of (26) will lead to the correct sample complexity for which

the coefficient of ||6((Jt) |2 (determined in (23)) will be below one. Since ag > 1 we can ignore the
first term by assuming max¢(g), by < 1 and the condition becomes:

2¢2(2 2 cay =207 |2 (1 Wog +7
n > 2c5(2w(Ao) +7)°, Vg € [G]\ : ay b, ng( + cogq i ,

g
Wog + T
ap > 1,0 < by <2 1+ coq , max by <1,
ng 1/’n,g gG[G]\

which can be simplified to:

n > 2c2(2w(Ag) +7)%, a0 > 1, (27)
+7

Vg e [G)\ :a, =201 [ 2 (1 “0g 0<b, <1

g€ [G]\ :ay v ng(+cog N <bg <
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n $g

g Hg

1 1 1 1
pg( )+,/””O¢g( ) = pg( )ﬂ/”ga%g( ) 28)
ngag ng /,Lg ngag ngag n ap ngag

- 2)m

Secondly, we want to bound all of p, + 10 terms of 23) for pg = - by I:

IN
—

The condition becomes:

2w, + Ng 2a Wog +
Vae, BT <y 1 [reB (14, et T) @)

Remember that we chose ag = 20, / :—g (1 + Cog %) We substitute the value of a4 by keeping

in mind the constraints for the b, and the condition reduces to:

V2e 2wg+r<‘/n dy,:=a 4—1—i 1+c Wog 7 i (30)
g, = g» Qg = Qg byto 0g iy

for d, > 0. Note that any positive lower bound of the d, will satisfy the condition in (30) and the
result is a valid sample complexity. In the following we show that d, > 1.We have ay > 1 condition

wog+T

N
dy > a,+1-b,7" 31

- n wog + 7 -
(ay from @7)) = 2b91,/ng<1+cog gn >+1—bg !

g

+ T
1+o-t |2,/ (1 wog ~1 32
0 { ng< g VALY G2

The term inside of the last bracket (32)) is always positive and therefore a lower bound is one, i.e.,
dg > 1. From the condition (30) we get the following sample complexity:

2
from (27)), so we take ag = 4 maXge(G], (1 + cog ) and look for a lower bound for d:

ng > 2c(2wy + 7)° (33)

Now we need to determine b, from previous conditions (27), knowing that ay =

2
4maxye(q), (1 + cog w%T) . We have 0 < b, < 1in (2Z7) and we take the largest step by
setting b, = 1.

Here we summarize the setting under which we have the linear convergence:

n > 2c2 (2w(Ao) +7)°, Vg € [G]\ : ng > 2c2(2w(Ag) +7)?

2
aop = 4 max <1+009wog+7) Jag =2 /n(1+cogwog+T> (34)
9€[G]\ Vg Ng VMg

L 1 1 Lo W0 T -t
—_— — = C
Ho="m 219 =5 o, 00y

maxge[G], (1 + cog w\t;;%‘r)

Now we rewrite the same analysis using the tail bounds for the coefficients to clarify the probabilities.

To simplify the notation, let 741 = % [(1 - ai) + ﬂcq%} and rgp = - (1 + cog wi’/gniT)
N g h g g h 9 N 9

and 79(7) = ro1 + Z§=1 %7"92 and r4(7) = rg1 + 1/%%%2,%} € [G]\, and r(T) =
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Maxge(q] 'g- All of which are computed using ag$ spe01ﬁed in (34). Basically r is an instanti-
ation of an upper bound of the p defined in (23) using a,s in (34).

We are interested to upper bound the following probability:

(Z % 54V > r(r Z i gy, 4 LG DVER Y (<kmaxw<Ag>+T)>

(I=r(m)vn 9€[G]
< g ,@ + [l
( Z “ 5, 920\/ (e ) Il
G
t g || g% (G+1)/(2K* +1)
> ()Y LBl + Ck max wo(Ay) + 7
gz:% n (1—=7r(m)v/n < geé[lG] ))
< P(p=r(r)
G 2
" P(lip;\/@ﬂg (e ) Ml > S (Ck;re%w(ftgHT)) G9)

where the first inequality comes from the deterministic bound of (24)), We first focus on bounding the
first term P (p > r(7)):

P(p=r(r))

_ n 1 1 N flo 1
- (max ( <na0) Z g¢g (ngag> ;2%(] Po (”ga9> " \/:91“9(% (ngag>> - ;IEI?C}’{] 7ﬂ(T)>
¢ 1 1
> = TO) - ZP (pg (”gag) - \/ZZZ% (”gag} S 7‘9)
i > + ZG:IP’ 10) ! >r + P ! >r +Plo 1 >
nag ) ol = g Ngag ) g2 Py Ngg ) gt g Nglg ) 92
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(—79(w(Ag) +7)%)

IN

6(G + 1)exp ( ~ min (w(Ag) + T)2> + 8G exp ( v min (w(Ag) +7)2>
9€[G] g€e[G]\

< 14(G+1)exp (—fy min (w(Ag) + 7)2) (36)

9€[G]

Now we focus on bounding the second term:

G o _
P <1 > v, () lwglla > *gf_fjf_j) 1) (Ck;g%w(flg) +)>

g=0

< P<1 : rng( ) ol 2 s zm (A ))
G
< P <Z Vgl ( > lwgll2 > Z\/W ) (Cgkw(A )) +P(p>r(r))
g=0
G
< 2o (v (5 ) bl > VERTED) <<gkw<Ag>+T>) FP(p () (D

9=0
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Focusing on the summand of the first term, remember from Definition that ng(png) =

~SUDyep, V X7 = Tom Y€ [G] and ay > 1:

2
P | |lwgll2 sup VTXgT s agy/(2K2 + 1)ng ((ghw(Ay) +7) | < ogexp <— min [Vgng, 72—2}) (38)
veB, lw ||2 gk

where we used the intermediate form of Lemma.1|for 7 > 0. Putting all of the bounds (36), (37),

and (38) back into the (33):

agng

04(G+1)exp (- min (min [ygng, ng;])) +28(G + 1) exp < v min (w(A,) + 7)2)

9€[G] 9€[G]

9€(G]

t2
< wexp {min <— min |:Vgng —log G, y(w(Ay) + t)27 772]@2} )}
g

where v = max(28,0) and v = mingeg vy and 7 = ¢t + max(e,y~1/2)/log(G + 1) where

€ = kmaxyc(q 1y. Note that 7 = ¢ 4 C'\/log(G + 1) increases the sample complexities to the
followings:

n>200(2wA0 )+ C\/1og(G + 1) +t> Vg € [Gy : ny > 262(2w(A,) + C\/log(G + 1) + 1)2

and it also affects step sizes as follows:

_92 —_
1 ) wog + Cy/log(G+1) +t 1 wog + Cy/log(G+1) +1t
po = -— x min [ 14 coq Vg = 1+ coq
dn  gela) Vg 2\/mng Vg

A.9 Proof of LemmalA.2]

Proof. To obtain lower bound, we use the Paley—Zygmund inequality for the zero-mean, non-
degenerate (0 < o < E|(x,u)|,u € SP~!) sub-Gaussian random vector x with I, <& [18].

(a—29°

@ag(u) 2 4ck?

A.10 Proof of Lemmal[AJ

Proof. We split [G]\ — Z into two groups J,K. J consists of §;’s with ||§;[2 > 2|/do|2 and
K = [G]\ — T — J. We use the bounds

Amin([|0ill2 + [[doll2) ifie T
160 + dill2 > q [16:]]2/2 ifieJ (39)
0 ifie

This implies

Zmll% +0il2 > Z 182+ Ain Y 1 (11852 + [|8oll2)-

ieJ i€L

Let S5 = ) ,csnill0i]]2 for § = Z, 7, K. We know that over K, [|§;|2 < 2[|d||2 which implies
S)C = ZiEIC ’I’L7||(SZH2 S QZiEIC niH&)HQ S 2?’L||50H2 Set 77[}1 = mln{1/2,/\mmﬁ/3} = Aminﬁ/g-
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Using 1/2 > 17, we write:

v

Y287 4 Amin O ni([16ill2 + [160]|2)

i€l

G
> nilldo + 8ill
1=1

(Sk <2nl|doll2) = Y287 +¥zSkc — 2¢zn||doll2 + (Z m) Amin[002 + Amin Sz

i€l

(Amin > ¥z) = ¥z(Sz+S7+ Sk) + ((Zm) min — 21/1171) [[doll2-

ieT
Now, observe that, assumption of the Deﬁnition > sez i = PN implies:
(Z nz) Amin = 29710 > (PAmin — 2¢7)n > Pzn.
iceZ
Combining all, we obtain:
G

G
> nilldo + 8ill2 > wz(Sz + Sz + Sk + [I80ll2) = ¢z (nlldolla + Y nilldil2).

i=1 =1

A1 Proof of LemmalA.4]

Proof. Consider the following soft indicator function which we use in our derivation:

; |s| < a
Ya(s) = { (Is| —a)/a, a<|s|<2a
1, 2a < |3

Now:

ESUPZ@ Z Q2¢,(80g) — 1(|(xgi, bog)| > 59)]

[Glg1 i=1

= EbuPZﬁg Z (I(xgi Bog) | = 264) — L((xg3, Bog)| = &g)]

G]gl i=1

< EsupZégZ E¢gq X, 8og)) *¢§g(<xgi7509>)]
G]g 1 i=1
G ng
< 2Esup Z €q Z €give, ((Xgi> bog))
0cl g=1 =1
G ng
< 2Esupzzegz Xgi, 00g)
1 g=1i=1
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where g, are iid copies of Rademacher random variable which are independent of every other random
variables and themselves. Now we add back % and expand &gy = &g + 04t

G ng n G ng

2 2 2
—E sup €4i(Xgi, 0040 = —E sup € (x;,00) + —E  sup €gi(Xgi, 04)
n 5161 €C 10y ;; gt\*giy Y0g n JOGCOZ LA n 5[@]\68[@\;; gr\*gry ¥g

i=1
Esupi(lex do) + sup ”nq
= —=€iX;, 0p
Vo speco = \/ﬁ \f 86 \ec[c\g f
(ng :=m, €p; := €0,X0; ‘= X;) = sup ,/ng 6g1x91,69>
f 5(;]66 g 0
1 &
h, = — €giXgi) = sup —(h,, 6
(= 7= ) = LE swp Z\/n«q .
2k sp 3/ Mn,.8.8
f G]GAG];)
2 ng
— +/—En, sup (hg,d,)||d
\/ﬁgg() o hgégegg< 9:99)[10g]l2
< 2 i,/”gc keo(Ay)|18, |
= = ) g/119g112
\/ﬁg:O n

Note that the h; is a sub-Gaussian random vector which let us bound the E sup using the Gaussian
width [18] in the last step. |

=~
m
)
<
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A.12 Proof of LemmalA.6l

We will need the following lemma in our proof. It establishes the RE condition for individual isotropic
sub-Gaussian designs and provides us with the essential tool for proving high probability bounds.
Lemma A.8 (Theorem 11 of [1]). For all g € [G], for the matrix X, € R™s*P with independent
isotropic sub-Gaussian rows, i.e., ill,y, < kand Elxgix,;] =1, the following result holds with
probability at least 1 — 2 exp (—v4(w (A )+ 7)?) for T > 0:

w(Ay)+7 w(Ay) + 71
Vug € Cq iy (1 —Cg \/gn— ) Hug”g < ||Xgug||§ < ng <1 t¢y \;n— ||ug||§
g g

where c4 > 0 is constant.

The statement of Lemma[A.8|characterizes the distortion in the Euclidean distance between points
u, € C, when the matrix X, /n, is applied to them and states that any sub-Gaussian design matrix is
approximately isometry, with high probability:

(1= a)lugl3 < ||X w3 < (1+a)|uyl3
_ . w(Ag)
where o = ¢, \/% .
Now the proof for Lemma [A.6}

Proof. First we upper bound each of the coefficients Vg € [G]:

polg) = sup v' (I, —pyX;Xg)u

u,ves,
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We upper bound the argument of the sup as follows:

1
VT(IQ - nggxg>u = 1 [(u+V)T(I - MQXZXQ)(U+V) —(u— V)T(I - Ngxgxg)(u - V)]

1

= L v gl VI3 I g () )

- 1 2w(Ag) + T
(LemmalA8) < 4[(1ugng <1cg(\/‘%>)u+v||2
2w(Ag) + T
_ (1 — [igNg <1+Cg\/rTg >> |u—V2]
1 1 7i 7 7 2w(Ag) + T -
(=0 < 4[(1 =) vl = = vl + 6 22T vl vl
<

4 g 9

1[(11) 2l + e 2200 v

where the last line follows from the triangle inequality and the fact that [[u+ v||o + |[u — v|2 < 2v/2
which itself follows from [Ju + v||3 + [|u — v||3 < 4. Note that we applied the LemmaA.8]for bigger
sets of A, + A, and A, — A, where Gaussian width of both of them are upper bounded by 2w(.Ay).
The above holds with high probability (computed below). Now we set :

V(L - - XTX,)u < ;[(1—>+\f ég}”] (40)

To keep the upper bound of p, in @0) below any arbitrary < 1 we need ng = O(b?(w(Ay) + 7)?)
samples.

Qgng

Now we rewrite the same analysis using the tail bounds for the coefficients to clarify the proba-

bilities. Let’s set py, = #, dg (1 — —) + \fcg “’(;4 \)/?/2 and name the bad events of
g9'%g

X, (u+ v)|2 < ng (1 - cgw) and | X, (u — v)|2 > n, (1 + Cg%) as £ and &

3

respectively:
P(py > dy) P(pg > dy|—E1,~E2) + 2P(&1) + P(E2)
LemmalA.S 0+ 6exp (f’yg(w(.Ag) +T)2)

which concludes the proof. |

IAIA

A.13  Proof of LemmalA.7]
Proof. The following holds for any u and v because of ||X,(u+ v)||3 > 0:
—vI'XIXu< < (HX ul3 + IX,v|3) 41)

Now we can bound ¢, as follows:

1
bg(tg) =g sup —vTXngu < ?g (SUP Xy ull3 + sup Xy V||2> (42)

vEBy,ueby uehBby

So we have:

AgTg 2a4 g ueBy Ng ve
w(Ay) + w(Ap) + 27'
2,/ng

1
1 (1 +cogwog +T)
ag VMg
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b () < o (n sup 1Xul + - sup X, v||2> 43)

1
(LemmalA8) < — (1 + cog

Qg

IN

(wog = max(w(Ag),w(Ag))



where ¢o, = max(co, ¢g).

To compute the exact probabilities lets define s, := % (1 + cog%\ﬂ%w%> and name the bad

w(Ag)+T1 w(Ag)+T
events of % SUpyep, [Xqull3 > 1+ Co% and n—lg supyep, [ Xgv(3 > 1+ cg% as &
and &, respectively.
P(¢g > Sg) < P(qbg > 8g|—\51)P(—\51) + P(gl) 44)
< P(&) +P(&)
< dexp (—yg(w(Ay) +17)7)
|
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