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Abstract

We study causal discovery from observational data in linear Gaussian systems affected by mixed
latent confounding, where some unobserved factors act broadly across many variables while others
influence only small subsets. This setting is common in practice and poses a challenge for existing
methods: differentiable and score-based DAG learners can misinterpret global latent effects as
causal edges, while latent-variable graphical models recover only undirected structure.

We propose DCL-DECOR, a modular, precision-led pipeline that separates these roles. The
method first isolates pervasive latent effects by decomposing the observed precision matrix into a
structured component and a low-rank component. The structured component corresponds to the
conditional distribution after accounting for pervasive confounders and retains only local depen-
dence induced by the causal graph and localized confounding. A correlated-noise DAG learner is
then applied to this deconfounded representation to recover directed edges while modeling remain-
ing structured error correlations, followed by a simple reconciliation step to enforce bow-freeness.

We provide identifiability results that characterize the recoverable causal target under mixed
confounding and show how the overall problem reduces to well-studied subproblems with modular
guarantees. Synthetic experiments that vary the strength and dimensionality of pervasive confound-
ing demonstrate consistent improvements in directed edge recovery over applying correlated-noise
DAG learning directly to the confounded data.

Keywords: causal discovery, latent confounding, precision matrix, graphical models, identifiabil-
ity, correlated noise, deconfounding

1. Introduction

Causal graphs are the stories we tell about systems we cannot intervene on. In the linear Gaussian
setting, that story is often interrupted by latent confounders: unobserved variables that nudge many
observables in concert (pervasive effects) or quietly perturb a few of them at a time (sparse, local
effects). The result is familiar to practitioners: covariance that looks too global to be explained by
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a small set of edges, and precision patterns that look too structured to be pure noise. If we ignore
these latent forces, causal discovery tends to latch onto spurious correlations or hedge with large
equivalence classes (Spirtes et al., 2000). If we over-correct, we erase real signal.

Two types of confounding can generally arise. Pervasive confounding is driven by a small num-
ber of latent factors that load broadly across many measured variables (e.g., batch effects, global cell
state, or shared environmental signals), and this regime has been extensively studied through sparse-
plus-low-rank / latent-variable graphical models and approximate factor models (Chandrasekaran
et al., 2012; Frot et al., 2019). In contrast, sparse (localized) confounding induces correlation only
among a relatively small subset of variable pairs (e.g., pathway-specific hidden regulators or un-
measured co-regulators that affect only a few proteins/genes at a time), and while it is naturally
represented using mixed-graph / correlated-error formalisms, it has received comparatively less
systematic attention in scalable score-based causal discovery (Pal et al., 2025b). Our paper tackles
causal discovery with mixed confounding: both pervasive low-rank effects and sparse low-rank ef-
fects co-exist. We work with linear Gaussian structural equation models (SEMs), x = B T+ e,
and model the exogenous noise as a homoskedastic idiosyncratic term plus two latent components:
a dense low-rank factor Uwu (few hidden causes that touch many nodes) and a column-sparse low-
rank factor Vv (many hidden causes, each touching a small subset). This hybrid regime is common
in practice: batch or device drift (U) co-exists with pathway/module-specific influences (V') in
biology, finance, and recommendation.

Why mixed confounding is hard. In linear Gaussian models, latent variables generally render
the DAG unidentifiable from a single observational environment (Spirtes et al., 2000). Classical
methods that assume causal sufficiency (no hidden nodes) return only a Markov-equivalence class
(Chickering, 2002). Non-Gaussian or nonlinear assumptions can sometimes restore identifiability
(Shimizu et al., 2006; Hoyer et al., 2009), but our focus is the strictly Gaussian, linear case with
both pervasive and sparse confounders. In this regime, undirected analogs have long exploited
sparse+low-rank decompositions of precision or covariance to separate conditional structure from
latent factors (Chandrasekaran et al., 2012), yet turning those decompositions into directed graphs
that are robust to mixed confounding is non-trivial.

Our view: deconfound in precision, learn in data. We develop a modular pipeline that begins
where latent-variable graphical modeling is strongest in the precision and ends where modern con-
tinuous directed acyclic graph (DAG) learning thrives on per-sample residuals. First, we decompose
the observed precision © into a sparse SPD matrix S and a positive semidefinite low-rank matrix L
(s0 ® =~ S — L). At the population level, L captures the pervasive component, while S encodes the
DAG convolved with the remaining (sparse) confounding. We then invert .S to obtain a conditioned
(pervasive-adjusted) covariance estimate, and apply the DECOR-GL algorithm Pal et al. (2025b) to
separate the remaining confounding from directed effects and learn a weighted DAG.

A structural condition that pays off. The key structural assumption underpinning our decompo-
sition and conditioning is that the three components of our noise model are mutually independent.
Not only does this assumption translate to additivity in the relevant matrix identities, but, more
importantly, it enables clean removal of pervasive effects when we condition on the pervasive com-
ponent.

Contributions.
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* D-C-L mixed-confounding formulation and precision decomposition. We introduce a three-
component Gaussian noise model composed of mutually independent (i) diagonal noise, (ii)
localized low-rank confounders, and (iii) pervasive low-rank confounders. From that, we derive
a D-C-L decomposition of the observed precision into a structured sparse component and a
low-rank component.

* Structural characterization of the components. We prove that the pervasive component is
PSD and low-rank and that the non-pervasive component is exactly local under disjoint con-
founding support and approximately local under controlled overlap. We further characterize
how this locality translates to the population-level precision induced by the model.

* Precision-led deconfounding pipeline (DCL-DECOR). We propose a three-stage pipeline:

1. estimate the structured—low-rank precision split via latent-variable graphical lasso with a
configurable locality regularizer;

2. invert the structured component to obtain a pervasive-adjusted (conditional) covariance
estimate;

3. run a correlated-noise continuous DAG learner (DECOR-GL) that jointly learns the DAG
and the residual error precision, followed by a simple post-hoc bow reconciliation rule to
enforce bow-freeness in the output.

* Identifiability guarantees. We show that, under standard transversality assumptions, the con-
ditioned precision is identifiable from the population precision. Under additional mild condi-
tions, we further identify the minimal bow-free target determined by the conditioned model;
bow-freeness is a standard structural condition under which linear Gaussian SEM parameters
become identifiable from observational covariances and has also been leveraged in recent bow-
free covariance search procedures (Drton et al., 2011; Grassi and Tarantino, 2024).

Positioning with prior art. Constraint-based and score-based methods provide the classical back-
drop (Spirtes et al., 2000; Chickering, 2002). Continuous formulations such as NOTEARS and its
descendants bring differentiability and scalability to DAG learning (Zheng et al., 2018). Latent-
variable graphical modeling separates sparse conditional structure from low-rank latent effects in
undirected models (Chandrasekaran et al., 2012). Our contribution is to bridge these: use the pre-
cision domain to isolate pervasive directions and then invoke a DAG learner that explicitly models
the remaining sparse confounding (Pal et al., 2025b). The result is a practical, provably grounded
route to causal discovery in the linear Gaussian mixed-confounding regime—without interventions
and without stepping outside the Gaussian world.

2. Related Work

Classical approaches without latent confounders. The modern literature on causal discovery
for observational data begins with constraint-based procedures that leverage conditional indepen-
dence (CI) tests to recover a Markov-equivalence class of DAGs. The PC algorithm and its variants
are consistent under appropriate Markov and faithfulness assumptions when all relevant variables
are observed (Spirtes et al., 2000). Score-based search supplies a complementary view: Greedy
Equivalence Search (GES) optimizes a penalized likelihood (e.g., BIC) over equivalence classes of
DAGs and is consistent in large samples (Chickering, 2002). These families are powerful under
causal sufficiency but do not resolve directions within an equivalence class and typically degrade in
the presence of unobserved confounding.
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Latent variables and mixed graphs. When some causes are unobserved, the induced conditional
independences on the observed margin can be represented by acyclic directed mixed graphs (AD-
MGs). Fast Causal Inference (FCI) and its relatives return a partial ancestral graph (PAG) encoding
an equivalence class of ADMGs that is sound in the presence of hidden variables and selection bias
(Spirtes et al., 2000; Spirtes, 2001; Richardson and Spirtes, 2002). For high-dimensional regimes
and partial observability, RFCI improves sample efficiency by reducing the size of conditioning
sets (Colombo et al., 2012). Hybrid methods like GFCI (Ogarrio et al., 2016) and PFCI (Pal et al.,
2025a) combine a score step with CI testing and provide consistency guarantees while often improv-
ing empirical accuracy. Although these methods accommodate latent confounding, they generally
leave many edges unoriented from a single observational environment in linear Gaussian settings.

Continuous optimization for DAG learning. A major development is to replace combinatorial
search with continuous objectives that encode acyclicity via smooth constraints. NOTEARS uses
a trace-exponential characterization to enforce DAGness and optimizes a penalized Gaussian least-
squares score by gradient methods (Zheng et al., 2018). Subsequent work broadened the modeling
scope and improved scaling: nonparametric mechanisms and nonlinear SEMs (Zheng et al., 2020),
time-series structure via DYNOTEARS (Pamfil et al., 2020), likelihood-based scores in GOLEM
(Ngetal., 2020), and log-determinant-based acyclicity in DAGMA (Bello et al., 2022). While these
methods scale gracefully and often achieve strong accuracy on curated benchmarks, they typically
assume independent errors and can be sensitive to latent confounding.

Differentiable discovery under latent confounding. A line of work incorporates latent con-
founding directly into continuous formulations. Bhattacharya et al. (2021) derive differentiable
algebraic constraints for ADMGs and optimize a likelihood subject to mixed-graph structure, en-
abling discovery of bidirected edges. This treats latent dependence largely as dense nuisance co-
variance (flexible but potentially under-identified) and does not exploit structured decompositions
of the noise that enable identifiability in linear Gaussian models from a single environment. Other
recent works in this direction include (Prashant et al., 2024; Ma et al., 2024).

Low-rank + sparse decompositions for latent structure (undirected). In Gaussian graphical
modeling, a now-standard approach separates conditional structure from shared latent effects by
decomposing the precision matrix as a sparse part minus a low-rank positive semidefinite part.
The convex latent-variable graphical lasso of Chandrasekaran et al. (2012) provides identifiability
and consistency under incoherence and transversality conditions. Related matrix decompositions—
most prominently robust PCA (Candes et al., 2011)—formalize when a low-rank component can be
separated from a sparse component. On the covariance side, factor-plus-sparse estimators such as
POET (Fan et al., 2013) and the graphical lasso (Friedman et al., 2008) support scalable estimation
in high dimensions. These ideas, however, target undirected structure and do not, by themselves,
orient edges.

Non-Gaussian and nonlinear identifiability. Stronger distributional assumptions can break the
observational symmetry. In linear non-Gaussian SEMs, LINGAM identifies a unique ordering and
orientation from a single environment (Shimizu et al., 2006). Nonlinear additive-noise models can
also be identifiable by exploiting asymmetries in functional mechanisms (Hoyer et al., 2009). With
latent confounding, recent work shows that in linear non-Gaussian models satisfying bow-free re-
strictions, the exact causal graph is identifiable (Wang and Drton, 2023). These advances are com-
pelling but move outside the linear Gaussian setting that underlies many pipelines in practice.
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Figure 1: The D-C-L noise model. Observed
variables x1,...,xs follow a DAG (solid ar-
rows). Each receives idiosyncratic noise w;
(gray). Localized confounders v; (blue, dashed)
each affect three variables with no direct DAG
edges among them (bow-free). The pervasive
confounder u; (red, dotted) in the center affects
all variables, inducing low-rank correction L..

we w7

Position of the present work. Our setting is linear Gaussian with both pervasive (dense low-rank)
and sparse low-rank confounding. We build on latent-variable precision decompositions from the
undirected literature (Chandrasekaran et al., 2012; Fan et al., 2013; Friedman et al., 2008; Candes
et al., 2011) and marry them with differentiable DAG learning (Zheng et al., 2018; Ng et al., 2020;
Bello et al., 2022; Pamfil et al., 2020). The key ingredient is to use the learned structured component
of the precision to form a pervasive-adjusted covariance estimate, after which a DAG learner that
explicitly models sparse confounding can be applied (Pal et al., 2025b). This yields identifiability
and a practical algorithm under homoskedastic idiosyncratic noise, incoherence of pervasive factors,
bounded-degree sparsity, and a mild separated-touch (or dominance) condition—while remaining
within the linear Gaussian world and a single observational environment.

3. Problem Setup

We consider a linear Gaussian structural equation model (SEM) on p observed variables x € RP,
x=B'x+e T:=1-B, 1)

where B encodes a directed acyclic graph (DAG) and T is invertible under some causal order-
ing (unit-diagonal and triangular in that order), with det(T) = 1. Writing x = T~ "¢, all ran-
domness is in the exogenous noise €. The population covariance and precision of x are 3 =
T-"QT 1,0 = 2! =TOQ!T".

Subscript convention (noise vs. observed level). We use a subscript € for quantities defined at
the noise level (i.e., functions of € and Q') and a subscript x for their observed-level counter-
parts (i.e., functions of X and ®). The two levels are related by congruence through T: M, :=
TM.T' for any noise-level matrix M,.

3.1. Noise Model and Mixed Confounding

In many real-world systems, unobserved confounders exhibit heterogeneous structure: some affect
only small subsets of variables while others influence nearly all measurements. For instance, in
gene expression, microRNAs can induce localized correlations across targeted gene sets, whereas
chromatin state can act pervasively across the genome.

To capture this heterogeneity, we model the noise as a sum of three independent components,

e = Ww + Vv + Uu, w~N(0,L,), v~N(0I,), u~N(01IL,), )

where W, V., U encode how each type of noise acts on the observed variables. The diagonal matrix
W € RP*P represents heteroskedastic idiosyncratic noise at each node. The matrix V € RP*"s
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captures localized confounding: each column V ; has small support (e.g., [supp(V ;)| < s < p).
Finally, U € RP*"L captures pervasive confounding with dense loadings and r;, < p.
The noise covariance is 2 = Var(e) = WW' + VVT 4 UU'.

3.2. Covariance, Precision, and a D-C-L Decomposition

Our first step is to analyze the structure of €2~ 1. Define the diagonal idiosyncratic precision D, :=
(WW =1 = diag(dy,...,dp), d; > 0, and the overlap matrix A := I+ VD,V € R"s*"s,
Applying the Sherman—Morrison—-Woodbury (SMW) identity to WW ' + V'V T yields the struc-
tured non-pervasive precision

Sc:==(WW' +VV)™' =D. -D.VA~'V'D..
~— —
C.

Here C. (for Coupling) collects the pairwise dependencies induced by localized confounders. Im-
portantly, the structured object we aim to exploitis S, = D.—C,, which need not be strictly sparse:
depending on the geometry of confounder supports, S. can be row-sparse, banded, block-diagonal,
etc. (see Remark 1 and Appendix A.4).

Now write 2 = S7'+UUT and apply SMW again. Defining L. := S.U(I+U'S.U) “uTs,,
the noise precision admits the D—-C-L decomposition

Q'!'= D, - C. — L. =8S.—-L.. 3)
diagonal localized coupling pervasive (low-rank)

This decomposition is not directly observable because we do not observe €2 itself. Crucially,
however, the same split appears at the observed level.

Observed-level decomposition. Congruencing (3) by T yields

® =T !'T" = TD.T' - TC.T' — TL.T' = TS.T' —L,. 4)
DJJ xT T T

The compact form ® = S, — L, matches the standard structured-minus-low-rank precision model
used in latent graphical lasso approaches (Chandrasekaran et al., 2012). This alignment motivates
our estimation strategy: we estimate (S,,L,) from data, then use S, (after deconfounding) to
recover the DAG structure.

Remark 1 (Beyond sparsity: other local structure classes) While much of our algorithmic de-
velopment focuses on row-sparse structure (amenable to (1-regularization), the same decomposi-
tion supports other “local” structures for S, such as banded or block-diagonal patterns induced by
contiguous or group-confined confounder supports. The key requirement is that the structure class
be (approximately) preserved under 'T-congruence; see Proposition 10 in Appendix A.4.

3.3. Relation to existing formulations
The components in (3) recover several settings studied previously:

* Independent errors (D only). If V=U =0,then C. =0,L. =0,and ® =D, = TD.T'.
This reduces to a standard SEM with heteroskedastic but uncorrelated errors; Loh and Biithlmann
(2014) relate the support of D, to the moralized graph.
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* Pervasive confounding (D-L).If V = 0,then C. = 0,S; = D.,and ® = D, —L,_, the sparse-
minus-low-rank regime central to latent-variable Gaussian graphical models (Chandrasekaran
et al., 2012) and confounded DAG learning methods such as Frot et al. (2019); Agrawal et al.
(2023).

* Localized confounding (D-C).I[f U = 0, then L, = 0and ® = S, = D, — C,, corresponding
to a DAG with localized (structured) error coupling. This setting is closely related to recent work
such as DAG-DECOR (Pal et al., 2025b).

* Mixed confounding (D-C-L, this work). In the full model, both localized coupling and perva-
sive latent factors co-occur, yielding @ = S, — L, with S, = D, — C,. Our goal is to develop
theory and algorithms that handle this combined regime.

3.4. Structural properties of precision matrix components

We summarize the key properties that underpin our estimation procedure; full statements and proofs
are given in Appendix A.

Proposition 2 (Low-rankness of L. and locality of S.) Assume the model in §3 with T =1—B
unit-diagonal and triangular under some causal order, and define D, C., S, L. as above.

(a) Low-rank, PSD pervasive correction. L. = 0 and rank(L.) < rp. Consequently, L, =
TL.T" > 0 with rank(L,) < rp.

(b) Exact locality under disjoint supports. If the columns of V have disjoint supports of size at
most s, and each variable participates in at most ¢ such supports, then each row of S; has at
most c(s — 1) off-diagonal nonzeros (equivalently, C. is supported on a union of small cliques).

(¢c) Controlled leakage under overlap. If the confounder supports overlap mildly, then S. remains
approximately local: each row has only O(cs) entries above a fixed threshold, provided the
overlap-induced leakage is controlled. A sufficient condition is given by Proposition 9 (Ap-
pendix A.3).

(d) Propagation through the DAG. If the DAG B has bounded degree, then S, = TS. T preserves
locality up to a constant inflation factor (row-sparsity in the sparse case; bandedness/block-
structure in ordered or grouped settings as in Proposition 10).

4. From Precision Decomposition to a Deconfounding Algorithm

At the population level, §3 implies an observed-level precision decomposition

O=x""'=7S.T" — TL.T', S.=(WW' +vvhl=r-1 (5)
S L.

where L, > 0 has rank at most r1,, while S, inherits a local structure from S, under bounded-degree
T-congruence (Proposition 2). The decomposition (5) has a direct probabilistic interpretation: S,
is the precision matrix of x after conditioning on the pervasive factors u.

Proposition 3 (Conditional precision) Under (1)-(2), let T'; := WW' +VVT andS, = I‘;l.
Then Cov(x |u) = T~ 'T.T7!, Cov(x |u)™t = TS.T' =8S,.
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Proposition 3 reduces mixed confounding to a correlated-noise SEM: after conditioning on u, the
DAG B is unchanged and the remaining noise covariance I'. encodes only idiosyncratic and local-
ized confounding.

4.1. A three-stage pipeline

We operationalize the reduction in three stages: (I) estimate the structured—low-rank precision split,
(II) invert the structured component to obtain the deconfounded covariance, and (III) learn the DAG
via a correlated-noise estimator.

Stage I: Structured—low-rank precision split. Given the sample covariance s = nT1XTX, we
estimate (S;, L) via the latent-variable graphical lasso (Chandrasekaran et al., 2012):

~

(S..L,) € argmin { — logdet(S — L) + t(3(S — L)) + As Rioc(S) + )\*tr(L)}, 6)
Ry

where R, is a convex regularizer encoding the chosen locality class (e.g., ||S|
Remark 1 for banded and block-sparse alternatives).

1,0ff for sparsity; see

Stage II: Deconfounded covariance. By Proposition 3, the conditional covariance ¥icong =
Cov(x | u) equals S;!. We estimate it by inverting the structured component: .onq = Sy .
This inversion is computed via sparse Cholesky factorization and triangular solves, exploiting the
local structure of S, without forming an explicit dense inverse.

Stage III: Correlated-noise DAG learning. By Proposition 3, conditioning on u removes perva-
sive confounding at the second-moment level. The conditional residual x* := x — E[x | u] obeys
the same linear SEM with correlated errors driven only by idiosyncratic and localized confounding:

xt =B'x+et, e ~N(0T.), Teua=T T.T, 7

where T=1-BandS. =T'_L.
We instantiate Stage III with DECOR-GL (Pal et al., 2025b), a precision-penalized variant that
directly enforces sparsity in S.:

Bnéigo tr(icond TSETT) —logdetS. + Ag||B|li + As||Scllion + ph(B), ¥

negative log-likelihood

where h(B) = tr(eB®B) —p is the smooth acyclicity surrogate (Zheng et al., 2018). For any acyclic
B, T is unit-triangular with det(T) = 1, so no log-determinant term in T appears.

Remark 4 (Connection to NOTEARS) Interpreting f)cond as Athe empirical covariance of de-
confounded samples X+ € R™P, the trace term satisfies t1(Zcona (I — B)S.(I — B)T) =~

%H (X+ - X1B) 82/2 H; When S = 1 (independent errors), the B-update reduces to NOTEARS.
Stage IlI thus generalizes NOTEARS to correlated-error SEMs, where the residual whitening matrix
is learned jointly.
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Algorithm 1: DCL-DECOR: Deconfounding via D-C-L Decomposition

Input: Data X € R™*?; penalties \s, Ax, A5, As; thresholds 75, 7r; reconciliation constant ¢ > 0.

Stage I: Structured-low-rank precision split
Compute £ + n ' XTX
Solve LVGLASSO (6) for (S., L)

Stage II: Deconfounded covariance
Compute Seond §;1 via Cholesky factorization

Stage I1I: DECOR-GL
Initialize S\ «+ diag(S.), B «+ 0
repeat
Graph step: Update B*Y via (9) (proximal augmented Lagrangian)
Noise step: Form Sp « (T*tD)TS 14 T®HD: solve (10) for S&H
until convergence at iteration t
Post-processing:

Hard-threshold: B « HT(B(t>; B), f‘s — HTOH((SS))A; TT)
Bow reconciliation: (ﬁ, fg) +apply (11) to (]§, f‘g) for all conflicting pairs
QOutput: DAG estimate ]§; structured noise covariance f‘g.

DECOR-GL alternation. Problem (8) is solved by alternating updates:

* Graph step (given S.). With S; fixed, update B by proximal-gradient descent on
min t{Zeond (1 - B)S-(I-B)") + Ag|B|i + ph(B), 9)

using an augmented-Lagrangian schedule for 2(B) ~ 0 as in NOTEARS.

* Noise step (given B). With B fixed, form the residual covariance ZA]B = TTEAJCOHd T and solve
the graphical lasso

~

S, € arg min{ —logdet S + tr(f)B S)+ )\SHSHLOH}. (10)
S>0

Post-hoc bow reconciliation. A bow occurs when a pair (4, j) has both a directed edge (B;; # 0
or Bj; # 0) and a bidirected edge ([I';];; # 0). Bows create fundamental non-identifiability even in
two-node models (see §5.3). Following Pal et al. (2025b), we apply a post-hoc reconciliation step
after convergence at iteration ¢. For each pair (¢, j) with both edge types present after thresholding,
we compare the directed signal strength against the normalized error correlation:

keep directed edge <= max{|Bl.(jt.)|,|B](.?|} > c- |F£t2]|/ ngz ng, (11)

where ¢ > 0 is a tuning constant (we use ¢ = 1). The weaker channel is zeroed, ensuring bow-
freeness in the final output without complicating the optimization.

5. Identifiability and Modular Guarantees

This section establishes what is identifiable from the observed covariance X in the D—-C-L model
and characterizes the recovery target for Stage III once pervasive confounding has been removed.
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5.1. Identifiability of the structured-low-rank split

The observed precision satisfies @ = S, —L, with L, > 0 low-rank and S, in a local structure class
(sparse, banded, block-sparse, etc.). Under standard transversality conditions between the structured
and low-rank tangent cones (Chandrasekaran et al., 2012), the pair (S, L) is identifiable from ©.

Assumption 1 (Transversality) The tangent cones of the structured class S and the low-rank
manifold L, at the true parameters intersect trivially: Ts(Sz) N Tr,, (Ly) = {0}.

Under Assumption 1 LVGLASSO consistently recovers (S;, L), yielding estimation error
dsm :=||Sz — Sz|l2 = 0 as n — oo (Chandrasekaran et al., 2012).

5.2. Stability of the conditional covariance
The inversion X.ong = S; ! is Lipschitz-stable on well-conditioned SPD matrices:
Lemma 5 (Inversion perturbation bound) If ||§x—Sx||2 < Amin(Sz), then Hﬁcond—ZcondHQ <

8z 13182 —Su 2
1185 12 182 —S. |z

The proof follows from standard matrix perturbation theory (Appendix B.2). In words: if Stage I
achieves small error g ,, and S, is well-conditioned (bounded condition number £(S;) = Amax(Sz)/Amin(Sz)),
then X nq 1s a stable estimate of X.opq.

5.3. Identifiability from the conditional covariance

After conditioning on u, the model (7) is a linear Gaussian SEM with correlated errors. Such
models are represented as acyclic directed mixed graphs (ADMGs) G = (V, E7, E*"), where
E~ = supp(B) encodes directed edges and E7 = supp,g(I'c) encodes bidirected edges from
error correlation.

Bow obstruction. A bow on pair (7, j) occurs when both a directed edge (B;; # 0 or Bj; # 0)
and a bidirected edge ( [I‘g]ij = 0) are present. Bows create fundamental non-identifiability that
motivates the bow-free condition at the conditional level: supp(B) N supp.g(T:) = @.

Connection to the D-C-L model. In terms of the loading matrix V, bow-freeness requires that
no localized confounder simultaneously affects a parent-child pair in the DAG. Formally, for each
column vy, of V:if vy, # 0 and v, # 0, then B;; = Bj; = 0 (Figure 1.)

Identifiability within a fixed bow-free ADMG. For a fixed bow-free acyclic mixed graph G,
Drton et al. (2011) established that the covariance map (B, ;) — X..q is injective on the param-
eter space restricted to G’s zero pattern, provided a uniform eigenvalue margin I'; = mlI for some
m > 0. This supplies the identifiability foundation for Stage III.

Identifiability across graphs: bow-free equivalence classes. Even when parameters are identifi-
able given a graph, the same 3,4 can arise from multiple distinct bow-free ADMGs (distributional
equivalence). Let Epow (Licond) := {(B, I'.) : Bacyclic, T': = 0, (B,I'.) bow-free, 3(B,T.) =
> cond } Following Pal et al. (2025b), the natural estimation target is a minimal (sparsest) represen-
tative: E0I0 (X q) 1= arg MinEg 1. )egy o (Sena) (Bllo+[[Telofllo) - When T is diagonal, Epo
reduces to the standard Markov equivalence class of DAGs.

10
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What DECOR-GL estimates. Stage III (DECOR-GL) is a sparsity-regularized likelihood method
over (B, S.). Because Eow (Xcond) may contain multiple elements, the statistically meaningful tar-
get is S&E(Econd) rather than a unique ground-truth DAG. Under suitable initialization and regu-

larization, DECOR-GL with post-hoc bow reconciliation consistently finds an element of £ (Pal
et al., 2025b).

5.4. End-to-end modular guarantee

The D-C-L model admits a clean modular target: first recover the pervasive-adjusted (conditional)
covariance X¢onq = S; ! from the structured—low-rank precision split, then recover the appropriate
bow-free correlated-noise SEM object from X.,,4.

Theorem 6 (Modular reduction) Assume (split identifiability) (S, L) is identifiable from 3 un-
der Assumption 1; (conditioning) S, is well-conditioned (k(S;) < o0); and (bow-freeness) the
conditional SEM (7) satisfies bow-freeness. Then the identifiable causal target of the D—C-L model

from X5 is the minimal bow-free equivalence class 5t?§£(zcond)- The proof'is given in Appendix B.3.

Theorem 7 (End-to-end consistency, informal) Under the assumptions of Theorem 6, suppose
Stage I is consistent in operator norm, ds, = ISz — Sall2 — 0 asn — oo, and the Stage III
procedure is stable (continuous) to small perturbations of its covariance input around X..onq. Then
icond = /S\; L' Seona, and the Stage III output converges to an element of S&ivnv(ﬁcond). The
proof is provided in Appendix B.4.

6. Synthetic Experiments: Mixed Confounding (Pervasive Rank/Strength)

We evaluate causal discovery under mixed confounding, where a few pervasive latent factors affect
many variables while additional localized latent factors induce structured, sparse dependence.

Baselines. We compare our three-stage DCL-DECOR-GL pipeline against: (i) DECOR-GL,
which learns a DAG with correlated noise under bow-free identifiability (Pal et al., 2025b); (ii)) DECAMF-
LIN, a factor/residualization-style baseline for pervasive confounding (provided the true latent rank

in our sweep) (Agrawal et al., 2023); (iii) continuous, causal-sufficiency DAG learners NOTEARS

and GOLEM (Zheng et al., 2018; Ng et al., 2020); and (iv) classical score/ICA baselines GES

and LINGAM (Chickering, 2002; Shimizu et al., 2006). We report directed-edge recovery under a
shared thresholding rule and emphasize robustness as pervasive and localized confounding vary.

Simulator. We simulate linear Gaussian SEMs on p = 40 observed variables, x = BTx +
e, where B is acyclic with approximately 8% directed edge density and edge weights sampled
with random sign and magnitude Unif(0.5,2). The exogenous noise follows the D-C-L mixed-
confounding model € = Vv + Uu + w, where w ~ A(0,0.36I), localized confounding is
represented by V € RP*? with ¢ = 15 column-sparse loadings (each column has 6 active entries
drawn from AN(0,0.3%)), and pervasive confounding is represented by U € RP*9P with dense
loadings sampled as U;, ~ N (O, (Ug/ \/]3)2) . This scaling makes each pervasive factor have /-
norm on the order of Uy, so the overall magnitude of the pervasive covariance contribution grows
roughly with qPUC% . To align with our identifiability target, we enforce bow-freeness only with
respect to localized confounders: the simulator removes bows induced by V, but does not remove
bows induced by the pervasive component U.

11



ASIAEE PAL O’QUINN LONG

DCL1: sweeping pervasive rank and strength. We vary pervasive rank and strength over the
grid gp € {1,3,5}, Uz € {0.5,1.0,2.0}, using n = 600 samples and 10 replicates per grid
cell, running all methods listed above. All methods use standardized inputs and a shared reporting
threshold 7 = 0.30 to form the estimated directed support. For fairness, all non-DCL methods
use A\p = 0.10; DCL-DECOR-GL uses a DCL-specific A\ = 0.01 (as in our synthetic setting),
while sharing Ag = 0.01 with DECOR-GL. DCL-DECOR-GL first estimates a structured—low-
rank precision split (LVGLASSO) with (Ag,,Ar,) = (0.001,0.005), then inverts the structured
component to obtain a pervasive-adjusted covariance estimate and runs DECOR-GL on that input.
Both DECOR-GL and DCL-DECOR-GL use identical post-hoc bow reconciliation (strict mode
with the same thresholds and constant).

Figure 2a reports the mean AF1 relative to DECOR-GL across the grid. DCL-DECOR-GL
improves over DECOR-GL consistently as pervasive confounding strengthens (larger gp and/or
U,), matching the intended regime where separating the pervasive component before modeling lo-
calized dependence is beneficial. Aggregated over the full DCL1 grid, DCL-DECOR-GL achieves
higher directed-edge recovery and substantially lower SHD than DECOR-GL (mean F1 0.417 vs.
0.280; mean SHD 55.3 vs. 74.9). Methods that ignore latent structure (NOTEARS, GOLEM,
GES, LINGAM) degrade as pervasive confounding increases, typically producing denser graphs
and larger SHD. DECAMF-LIN shows mixed performance in this mixed regime, suggesting that
explicitly modeling both confounding types (pervasive plus localized) is important.

DCL2: fixing pervasive confounding and varying localized strength. To complement DCLI,
we fix pervasive confounding at (¢p,Uy) = (3,1.0) and vary the localized confounding density
Ly €{0,0.05,0.10,0.15,0.20} (10 replicates per setting). Figure 2b—c shows that DCL-DECOR-
GL remains robust as localized confounding increases, while DECOR-GL and factor-only base-
lines degrade. Averaged across DCL2, DCL-DECOR-GL improves both F1 and SHD relative to
DECOR-GL (mean F1 0.431 vs. 0.266; mean SHD 55.0 vs. 76.2), supporting our central claim
that removing pervasive effects in the precision domain and then learning under correlated local
noise is a strong strategy for mixed confounding.
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Appendix A. Structural Properties of the D-C-L Precision Decomposition

In this appendix we provide a full version of Proposition 2 together with complete proofs. We use
the notation from §3.
Recall the noise model
e = Ww + Vv + Uu,

with w ~ N(0,1,), v ~ N(0,1,.), u ~ N(0,I,, ) independent, and

Q=Var(e) =WW' +VV' +UU".

A.1. Noise-level components

Let
D. := (WW )™ = diag(ds,...,d,),  di >0,

and define
A =1I4+V'DV € Rs*'s C.:=D. VA 'V'D,.

The non-pervasive noise covariance and precision are
[..=WW' 4+VVT, S.:=I'.'=D.-C..
Writing @ = T'. + UUT = S-! 4+ UUT, the SMW identity gives
Q'=8.-S.U(I+U's.U) 'U's.. (12)
We define the pervasive (low-rank) correction
L. :=S.U(I+U's.U)"'U's,, (13)

sothat Q' =D, -C.-L.=8S. - L..

A.2. Full statement and proof

Proposition 8 (Low-rankness of L. and locality of S.) Assume the model in §3 with T =1— B
unit-diagonal and triangular under some causal order, and define D., A, C., S., L. as above.

(a) Low-rankness and PSD of L.. Let M := (I + UTS.U)~!. Then
L. = (S;/QU) M (S;/QU)—r =0, rank(L.) < rp.
Consequently, L, = TL.T" > 0 with rank(L,) < rp.

(b) Exact locality of S: under disjoint column supports. Suppose the columns of V have disjoint

supports S; = supp(V.;) with |S;| < s, and each row i belongs to at most ¢ such supports.
Then

1 T
S. = D. — ZA—M (D.V,)(D.V,) ',
j=1

and each row of S¢ has at most ¢(s — 1) off-diagonal nonzeros. Equivalently, C. is supported
on a union of cliques {S; x S;}.

16
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(c) Approximate locality under controlled leakage. Assume each row belongs to at most c supports
and each column has |S;| < s. Let

A" foff o0 1= max »  [(A71) | < v
Tk
for some v > 0. Then for any i # ¥,

|(S)ie] < (Ds)n’(Da)ee< > |/Jl£]| +v oy |VijV£k">'
j:i€S; JJ jies;
k#j

In particular, for any threshold € > 0, the number of indices £ with |(S¢ )| > € is at most O(cs)
provided v is small enough relative to €, max; ; |V;;|, and max;(D;);;.

(d) Propagation to S, = TS.T " under bounded degree. Let
degi?” := max NNZ(T;.), degs®! := max NNZ(T.,;), degg_:= max NNZ((S.).),

where NNZ counts entries whose magnitude exceeds a fixed small threshold. Then each row of
S, = TS.T" has at most
O( degl?™ degg. degi)

entries above a (slightly larger) threshold. In particular, if B has bounded (in+out) degree d,
then degi?™ , deg$?! < 1+ d, and S, inherits row-locality from S..

Proof
(a) From (12) and (13),
L. =S.UMU'S,, M=(I+U'S.U)"! 0.
Factor S, = ;/2 ;/2 to obtain
L. = (SPU)M(si?U),

which is positive semidefinite. Its rank is at most rank(U) < r. Congruence by invertible T

preserves PSD and rank, so the same holds for L, = TL.T .
(b) Under disjoint supports, V' D,V is diagonal: for j # k,

P
(VIDV)ji = Vig(De)iVix = 0,
i=1

since no row 7 belongs to both S; and Sj. Hence A is diagonal and Al = diag(Ail, LA Slr o)
Using S. = D. - D.VA~'V'D,,

rs TS 1

S.=D.-) DV;A ! VID.=D.- ) T(ng.j)(DEV.j)T.

j=1 j=1 vy

Each rank-one term has support contained in S; x S;. Fixing a row 4, there are at most c indices

j with ¢ € S;, and within each such support S; row i connects to at most |S;| — 1 < s — 1 other
indices. Therefore row ¢ has at most ¢(s — 1) off-diagonal nonzeros.
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(¢ FromS, =D, —-D.VA'V'D,, fori # ¢,

(Se)ie = — Z(De)n“/}j (A1) 1 Vi (De) e
ik

Split into diagonal and off-diagonal parts in (j, k):

Vii Vil
(Sl < (D Z‘ AL ST S IV 1Al Ve

J k#j
Vi Vejl
< (D2)a(De)ee | D | ” Vel D> Vil ATkl - [Vl
jii€S; Ajs §:1€S; k#j

Use >z |(A™1) ;x| < v and pull out |V;;| to obtain the displayed bound. The row-locality con-
clusion follows by the same counting argument as in part (b), combined with the requirement that v
be small enough so that leakage terms fall below the chosen threshold except on O(cs) indices.

(d) Let Np(i) := {k: T # 0} (row support of T). Then
(S2)ij = (TST )y Z Z ke Tje-
kGNT(’L) ZGNT( )

Thus (S )i; can be non-negligible only if there exist k € Nr(i) and £ € Np(j) with (S;)e non-
negligible. Fix row i. Each k € Nr(i) has at most degg_ such £, and for each such /, there are at
most deg§®! indices j with Ty # 0. Since | N7(i)| < degi?™, the stated bound follows by a union
argument. |

A.3. A sufficient condition for controlled leakage

The next result gives an interpretable sufficient condition for small ||A ™! ||of 0, replacing hard
“orthogonality” assumptions with overlap and dominance parameters.

Proposition 9 (Controlled leakage under relaxed orthogonality) Ler A = I+V ' D_V. Define

m:= mjax ’{k‘ # j : supp(V.;)Nsupp(V.x) n:= Igny?li( ‘V,—;DEV.k , Tmin ‘= mjm Ajj.
Let p := mn/Tmin- If p < 1, then
p mi)

1A ofr,00 < =

Tmin(1 — p) 720 (1= mn/Tmin)
Proof Write A = D + E where D := diag(A) and E := A — D (off-diagonal part). Then
A'=DI+D'E)'=1+D'E)"'D".
By definition, |D~!||sc = 1/7imin. Moreover, for each row 7,

Y |(D'E) ikl = 5 Z|A

k+#j Aji k#j
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s0 [D7'E|| < p < 1. Hence the Neumann series converges:

o0
I+D'E)"'=) (-D
t=0
The off-diagonal mass comes from ¢ > 1, giving

o0
- - . 1
1A lofro0 < DYoo Y IDTEl, < — - 2,

—1 Tmin 1 — P

which is the desired bound. [ |

A.4. Structure preservation under T-congruence

The next proposition formalizes how local structure classes are propagated under TMT . This
supports Remark 1.

Proposition 10 (Structure preservation under T-congruence) Let T = 1—B where B encodes
a DAG. Consider M € RP*P,

(a) Row-sparse case. If M is k-row-sparse and B has maximum (in+out)-degree at most d, then
TMT is k(1 + d)-row-sparse.

(b) Banded case. Suppose the variables are ordered and M is b-banded. If the DAG respects the
ordering in the sense that Bij # 0 = |i — j| < dpag, then TMT " is (b + 2dpac )-banded.

(c) Block-diagonal case (approximate). Let P = {By, ..., Bg} be a partition of {1,...,p} and
assume M is block-diagonal w.r.t. P. If each block has at most c cross-block edges incident to
it (in either direction) in the DAG, then each off-diagonal block of TMT " has at most O(c?)
nonzero entries.

Proof

(@) Let N¥V(i) := {k : Ty # 0} and N°'(¢) := {j : T}, # 0}. Under degree bound d, we
have | NXV(i)| < 1+ d and |[N$°'(¢)| < 1 + d. For fixed 4, 7,

(TMT )= Y > TpMT;

keN!‘ow( ) KENYOW )

Fix row ¢. There are at most 1 + d choices of k. For each k, row-sparsity of M gives at most k
indices ¢ with M}, # 0. For each such /, there are at most 1 + d indices j with T}, # 0. Thus row
i has at most (1 +d) - k - (1 + d) = k(1 + d)? nonzeros.

(b) If M is b-banded, then My, = 0 whenever |k — ¢| > b. In addition, Tj; # O implies
|i—k| < dpag, and similarly T}, # 0 implies |j —¢| < dpag. Therefore, a nonzero contribution to
(TMTT"),;; requires [i—k| < dpag, |k—£| < b, |j—¢| < dpac, which implies |i—j| < b+2dpac-
Hence TMT " is (b + 2dpac )-banded.
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(¢) Write M in K x K block form. Since M is block-diagonal, any off-block entry of TMT "
must arise from multiplying M by cross-block nonzeros of T. If each block participates in at
most ¢ cross-block edges, then each block-row/column of T has at most O(c) nonzeros outside the
diagonal block. Expanding TMT " and counting the ways an off-diagonal block can be hit by left-
and right-multiplication yields at most O(c?) induced nonzeros per off-diagonal block. |

Moralized-graph special case (independent errors)

In the special case V = U = 0, we have S. = D, diagonal and
® =TD.T'.

Under a causal order where T = I — B is unit-diagonal and upper-triangular, T, # 0 iff k = ¢
or there is a directed edge @ — k. Hence supp(®) coincides with the moralized graph of B
(undirected edges plus co-parent “marriages”) (Loh and Biihlmann, 2014). When V # 0 but S,
is (approximately) local as in Proposition 8(b)—(c), Proposition 8(d) shows that S, = TS.T'
augments the moralized pattern only locally, while L, contributes a low-rank pervasive component.
Appendix B. Proofs for §4-§5

B.1. Proof of Proposition 3

Recall e = Ww + Vv + Uu with w ~ N(0,I,), v ~ N(0,L.,), u ~ N(0,I,,) mutually
independent. Let

~:=Ww+ Vv, ~~N(0,T.), I.=WW' +VV'T,

sothat e = v + Uu with v 1L u.
From (1), x = T~ "¢, hence

X = T_T'y + T~ "Uu.

Conditioning on u, the second term is deterministic and the first term remains Gaussian with co-
variance
Cov(x |u) = Cov(T~'9) =T " Cov(y)T ' =T 1. T L.

Since I, > 0 and T is invertible, the conditional covariance is SPD and
Cov(x |u)' =Tr'T" =TS, T' =8S,,

which completes the proof.

B.2. Proof of Lemma 5
LetS, = S, + A with |All2 = 6s.,. Whenever ||S; ]2 ||All2 < 1, the matrix S, is invertible and

S;l—S;'=(S,+A)"'—8;'=-S'A(S, +A)"L.

x T
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Taking operator norms and using ||(S, + A) 72 < IS, Yl2/(1 — S, l2]|All2) (which follows
from the Neumann series bound), we obtain

Gl o« - - IS5 113 5.m
1871 =87l < S22 1All2 [1(Se + A) 72 < - ,
1 =[Sz {2 85

which is desired bound after substituting Sconq = S and Zeonq = S; .

B.3. Proof of Theorem 6

Write the population precision as ® := X!, In the D-C—L model we have the population decom-
position

®=S,-L, S, = 0, L; > 0 (low-rank). (14)

Under Assumption 1, the structured—low-rank split is identifiable at the population level, i.e., the
pair (S;,L,) is uniquely determined by © (equivalently by X). In particular, S, is identifiable
from 3.

Step 1: Identifying 3..,,q. By Proposition 3, the conditional covariance after removing pervasive
confounding satisfies

Seond := Cov(x |u) =S, 1 (15)
Because S; is identifiable from 3, the matrix 3.onqg = S, 1 is also identifiable as a (deterministic)
function of 3. Assumption k(S,) < oo is not needed for this population identification but will be
used to control stability under estimation in Theorem 7.

Step 2: The identifiable object from X.,,4. Conditioning on u yields the correlated-noise
SEM (7),

x- =B Txt +et, et ~N(0,T,), Seond = T LT,

with T = I — B. By the bow-free assumption, the true conditional parameters (B, I'.) belong to
the bow-free model family.

Let Ebow (Lcond ) be the set of all bow-free parameter pairs (B’, I'.) that reproduce the same con-
ditional covariance X.,,q , and let Eér(‘)iﬁ(ilcond) be the sparsity-minimal subset. By construction,
both sets depend on the data-generating process only through X¥.,,q. Since X..,q is identifiable
from X (Step 1), the sets Epow (Scond) and ERIN(B,nq) are also identifiable from X.

Finally, because the true conditional SEM is bow-free, its (unknown) parameters lie in Eow (Xcond )s
and hence the statistically meaningful identifiable causal target—when the graph is not assumed
known a priori—is the corresponding minimal bow-free equivalence class E™ (X onq). This

bow
proves the claim.

B.4. Proof of Theorem 7

We prove the two conclusions in order.
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Step 1: S cond = Seond- By assumption, dg,, = \|§m—Sx\\2 — 0. Since S, > 0and k(S;) < oo,
we have Apin (Sz) > 0. Therefore, for all sufficiently large 7, §5,, < Amin(Sz), so Lemma 5 applies
and yields

IS5 13 ds.m
L[Sz |2 055 noe

\

Hicond - EcondHQ = H/S\:Zl - S$_1H2 <

)

which proves ¥.onq — Xcond 1N Operator norm.

Step 2: Stability of Stage III transfers this to the causal target. Let A denote the (possibly
set-valued) Stage III mapping that takes a covariance input 32 to a bow-free output (e.g., a particular
representative (]§, f‘s) after optimization and bow reconciliation). The stability assumption in the
theorem is exactly that A is continuous at ¥.,,q with respect to the metric used to compare out-
puts (e.g., Frobenius distance between matrix representatives, or an appropriate distance between
equivalence-class representatives). Hence, as 3.onq — cond, We Obtain

-A<§cond) — A(Zcond) -

Under the bow-free assumption and the definition of the identifiability target , the population-level
output A(X.onq) is an element of &Q(Econd) (this is the object that Stage III is designed to
return, up to distributional equivalence within the bow-free family). Therefore the Stage III output

computed from X .,,q converges to an element of {)r(‘)iQ(Econd), completing the proof.
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